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^  ABSTRACT 

The  purpose  of  this  paper  is  to  search  for  empirical  rela¬ 
tions  among  various  quantitative  aspects  of  ground  combat 
suggested  by  Lanchester^s  square  law  modal.  The  motivation 
for  considering  this  problem  is  discussed  at  some  length  in  the 
introductory  section.  Theoretical  and  methodological  Issues 
bearing  on  the  problem  are  discussed.  Data  on  92  historical 
battles  are  studied  for  Information  bearing  on  the  problem. 

The  principal  results  are  contained  in  several  tables  and  figures 
and  are  exhaustively  evaluated.  Areas  where  those  results 
might  be  applied  are  indicated. 
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FOftEWORD 


"U'ar  l3  a  science  replete  with  shadows  in  whose  obsourlty  one  can¬ 
not  move  with  an  assured  step.  Routine  and  prejudice,  the  natural  re¬ 
sult  of  Ignorance,  are  Its  foundation  and  support. 

All  sciences  have  principles  and  rules.  War  has  none.  The  great 
captains  who  have  written  of  It  give  us  none.  Extreme  cleverness  Is 
required  even  to  understand  them.  And  it  is  impossible  to  base  any 
Judgment  on  the  relations  of  the  historians,  for  they  only  speak  of  war 
as  their  imaginations  paint  it.  As  for  the  great  captains  who  have  writ¬ 
ten  of  it,  they  have  attempted  rather  to  bo  interesting  than  instructive, 
since  the  mechanics  of  war  is  dry  and  tedious.  ” 

(Marshal  Maurice  Do  Saxe,  Reveries  on  the  Art  of  War.  1757) 

"The  principles  of  war  do  exist;  but  our  present  concepts  of  them 
are  inadequate,  misleading,  and  of  exaggerated  practical  use  .... 

The  study  of  history  is  only  of  use  when  we  can  convert  the  hind¬ 
sight  of  past  analysis  into  foresight  for  future  action;  othonvlse  this 
study  is  merely  pedantic.  To  develop  this  foresight  the  chain  of  causes 
and  effects  must  be  discovered.  This  is  exactly  what  scientific  princi¬ 
ples  enunciate  .... 

As  the  principles  of  war  stand  they  do  not  show  the  relationship  be¬ 
tween  cause  and  effect,  between  their  application  and  victory  In  battle. 
For  instance,  we  cannot  say  that  if  offensive  action  is  applied  victory 
will  ivii^ult.  We  cannot  oven  say  that  victory  will  be  probable,  because 
offensive  action  may  not  be  the  right  principle  to  emphasize  under  the 
circumstances.  Further  it  may  oven  be  that  the  appllcatlou  of  this  prin¬ 
ciple  will  contribute  to  defeat.  So  much  for  the  practical  value  of  the 
pri.ocipk‘s  of  war  as  Lkey  aland  today  .  .  . 
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Vi'.o  (scu’ntiiic)  princlplos  of  war  can  be  dtscnverod  but  have  not  yet 

15  uii}CC1V05‘«Hl.  " 

(M:.jor  J.  Nazareth,  Two  Viewe  on  the  Prlnclolea  of  War,  Milltarj' 

Review,  Fobruaiy  1961,  published  by  the  United  States  Army  com¬ 
mand  and  General  Staff  Collejel 

"  'Weapons  change,  but  the  principles  of  war  and  our  geographical 
situation  remain  constant. '  One  has  seen  a  statement  similar  to  the 
above  many  times.  Such  dogmatic  statements  are  common  In  military 
journals,  and  before  being  accepted  at  thsir  face  value  should  be  exam¬ 
ined  very  critically. 

tn  the  first  place,  It  Is  difficult  to  discover  what  these  principles 

are, 

A  glanoe  at  the  accompaiiylng  chart  shows  that  at  various  times  in 
the  last  hundred  years  or  so,  at  least  24  principles  of  war  have  bsen  put 
forward;  and  of  the  lists  shown  on  the  chart,  no  two  are  the  same.  Fur¬ 
ther  research  would  no  doubt  reveal  many  more  lists,  all  different.  The 
exponents  of  most  of  these  lists  have  stated  quite  categorically  that  'this 
is  the  list  of  the  principles  of  war. '  One  wishes  at  least  that  they  bad 
the  modesty  of  the  writers  of  vhe  Holy  Gospel,  who  did  not  state  that 
theirs  was  The  Gospel  but  only  the  Gospel  according  to  the  writer.  " 

(Major  M.  J.  W.  Wright,  Two  Views  on  the  Principles  of  War. 

Military  Review,  February  1961,  published  by  the  United  States 

Army  Command  and  General  Staff  College) 

"The  growing  complexity  of  modem  warfare  has  led  some  students 
:t)  uke  .i  fri-sb  Knk  ut  'Jbe  principles  that  have  tradltiunaliy  guide<l  miU- 
Uiry  strategists  in  war  .... 

In  number;  the  stated  principles  have  varied  from  writer  to  writer^ 

'•  I  -  li'hi,  and  (ivtn  nation  to  natu.n  .... 

Fhc  iniiividual  authors  of  the  lists  have  almost  umformly  claimed 
o  pri.-iw  ii'N'?,  t.i  lie  immuiahle  .... 
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Othur  authorities  have  artpied  that  tho  claim  of  immutability  cannot 
be  accepted  literally;  that  there  ta  little  agreement  as  to  what  tlie  pria- 
ciplcs  arc  and  mean;  that  they  overlap;  that  they  are  fluid  and  require 
cotui^t  ro-examination;  that  they  are  not  comparable  with  scientific 
laws  since  no  two  military  situations  are  ever  completely  alike;  that  tho 
so-called  principles  are  not  really  principles  at  all,  but  merely  methods 
and  common-sense  procedures  adopted  by  great  commanders  of  the  past; 
and  that  cliangea  In  the  conditions  of  war  alter  their  relative  importance. 

The  debate  over  principles  has  been  renewed  with  the  coming  of  the 
atomi  c  era.  Some  theorists  argue  that  the  new  weapons  have  destroyed 
whatever  Infallibility  still  remain;  others  contend  that  the  principles  are 
as  valid  as  ever,  even  more  so.  To  some  extent  this  is  a  debate  over 
semantics.  Oefenders  point  out  that  each  age  must  make  Its  own  appli¬ 
cations  of  the  'Aindamental  truths'  of  strategy.  Opponents  argue  that 
there  can  be  no  set  rules  for  the  ait;  the  so-called  principles  must  by 
no  moons  be  Interpreted  as  pat  formulas  for  victory  to  be  followed 
blindly  and  rigidly;  the  only  sound  guide  in  war  and  strategy  Is  flexi¬ 
bility.  *' 

(Maurice  Matloff,  Article  on  Strategy.  Encyclopedia  BrlttanlcaV 

'To  the  statlstlcally-miiided  these  scraps  of  evidonco  are  provoca¬ 
tive  rather  than  convincing.  What  is  needed  la  a  comprehensive  survey 
by  counting,  for  oountiog  is  an  antiseptic  against  prejudice  .... 

A  fundamental  rule  of  scientific  method  is  Ockham's  so-called 
'Razor,'  to  the  effect  that;  'Entities  are  not  to  be  postulated  without 
noceaslty. '  For  shaving  off  the  superabundant  growth  of  mathematical 
uncertainties  and  difficulties  I  have  made  frequent  appeal  to  an  analo¬ 
gous  rule-  'Formulae  ar^  not  to  bo  complicated  without  good  evidence. ' 
This  la  a  diificult  and  groping  empiricism  .... 
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uh.x'ver  days  that  these  results  are  rough  should  compare  them 
wiTh  our  previous  blank  ignorance.  “ 

(Lewie  F17  lUchordaon,  Statistics  of  Deadly  Quarrolal 
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HISTORICAL  DATA 
AND 

LANCHESTER'S  THEORY  OF  COMBAT 


INTRODUCTION 


Purpose 

To  search  for  empirical  relations  among  various  quantitative  as¬ 
pects  of  ground  combat. 


Background 

Military  Aspects 

Through  the  ages  much  has  baea  'written  concerning  the  nature  of 
war  and  the  manner  in  which  it  should  be  conducted.  Nevertheless, 
among  modem  practitioners  of  the  military  art,  there  is  a  division  of 
opinion  regarding  the  interpretation  and  relative  Importance  of  the 
various  so-called  "principles  of  war. "  (See  Ref.  1.)  This  division  of 
opinion  and  the  resultant  uncertainty  concerning  the  fundamental  ele¬ 
ments  of  ground  combat  can  hardly  fail  to  have  an  adverse  effect  on 
many  U.  S.  Army  activities,  including  (and  perhaps,  especially)  those 
of  concern  to  the  Combat  Developments  system.  Therefore,  it  Is  con¬ 
sidered  important  to  try  to  elucidate  the  relationships  among  various 
aspects  of  ground  combat. 

Technical  Aspects 

The  past  few  years  have  seen  the  growth  of  operatiou/j  research 
and  similar  activities  devoted  to  the  application  of  formal  or 
"scientific"  techniques  to  a  wide  variety  of  military  problems.  At 
li'aM  oiH  facet  of  this  work  represents  a  significant  departure  from 
classical  methods  --  namely,  the  introduction  and  use  of  relatively 
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simple  mathematical  equations  which  purport  to  describe  the  salient 
features  of  ground  combat,  *  Many  of  these  combat  models  consist  of 
modifications  or  extensions  of  Lanchester's  model,  ^  a  detailed  discus¬ 
sion  of  which,  emphasizing  those  features  of  Interest  to  this  study,  is 
contained  in  the  sequel.  Here  it  sutfices  to  note  that  most  of  these 
models  are  based  on  the  so-called  "square  law,  "  or  its  analogues. 

In  effect  this  states  that  the  combat  power  of  a  military  oiganlzation  is 
proportional  to  the  square  of  the  cumber  of  combatants  in  that  organi¬ 
zation. 

Despite  the  frequency  with  which  such  "square  law"  models  are 
proposed,  only  one  detailed  comparison  of  theoretical  predictions  with 
observed  combat  data  is  known  to  this  writer.  *  This  comparison 
showed  that  the  theory  originally  given  by  Lanchester  (save  for  a 
straight-forward  modification  to  represent  the  landing  rate  of  fresh 
troops/i  is  in  good  agreement  with  data  available  on  the  World  Wax  II 
battle  of  Iwo  Jiuia  (Ref.  9).  Therefore,  the  relation  c*  such  models  to 
observed  combat  phenomena  is  an  important  area  of  investigation.^ 


‘  Here  '  .  J  In  the  following  we  refer  to  such  mathematical  theories 
as  "models, "  in  accord  with  prevailing  operations  rusearch  Jargon. 
The  reader  is  cautioned  that  in  other  contexts  the  term  "model"  may 
include  any  or  all  of  a  wide  vaidety  of  representations  of  combat  or 
c;ther  phenomena. 


^See  Reference  2.  '  i/arts  of  Reference  2  containing  the  devel¬ 
opment  of  Lanchester'  Jsl  are  reproduced  In  Reference  3.  Refer¬ 
ence  4  also  discusser  tester's  theory.  For  exampi'  of  theoides 

inspired  by  Lanche:  ■  work,  see  References  4,  5,  6,  3. 

^Refcrenc.  .  A  lesi  'etailed  comparison  of  the  square  law  model 
with  combat  dat?*  i  ■  f'  ..i  Reference  5,  where  it  is  shown  that  the 
data  lends  s^  tion  to  the  square  law. 


scientific  endeavor, 
tbf  spirit  is  willing, 


..;al  data  is  the  body,  and  theoi'y  the  soul,  of 
It  then  follows  that  without  adequate  data,  though 
the  flesh  is  weak. 


2 
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Scope 


Presum?.bly,  difficulties  fn  collecting  the  necessary  detailed  data 
have  hampered  further  attempts  to  validate  the  square  law,  ®  although 
Engel  (Ref.  9)  clearly  recognizes  the  potential  value  of  additional  effort 
along  these  lines.  In  particular,  Engel  notes  that  when  a  sufficiently 
large  number  of  specific  combat  situations  have  been  investigated,  it 
may  be  possible  to  determine  Ihe  parameter  values  characteristic  of 
various  classes  of  combat  situations  and  to  discover  re.'ationships  be-  . 
tween  thes  parameters  and  other  fketors  associated  with  the  various 
classes  of  situations.  Engel  pointedly  remarks  that  "such  relation¬ 
ships  will  be  of  paitlcular  value  if  it  is  possible  to  measure  these  other 
factors  prior  to  the  inception  of  a  pa’ticular  engagement.  *'  The 


®The  amount  of  detail  required  for  model  validation  l.s  indicated  hy 
the  following  list  of  information  used  in  Reference  9; 

(a)  The  total  number  of  friendly  troops  put  ashore  each  day  (no 
friend^  troops  ashore  prior  to  the  begLaolng  of  the  engagement) 

(b)  The  total  number  of  friendly  casualties  each  day  and,  sepa¬ 
rately,  those  killed  in  action 

(c)  The  number  of  enemy  troops  ashore  at  the  beginning  of  the 
engagement 

(d)  The  time  the  island  was  declared  secure  (after  this  time,  al¬ 
though  the  battle  continued,  it  may  have  done  so  at  a  different  rate) 

(e)  The  time  the  engagement  ended  (after  the  island  was  declared 
secure) 

(f)  The  number  of  enemy  troops  at  the  end  of  the  engagement 
(zero  if  all  were  destroyed) 

(g)  To  which  we  add:  The  number  of  enemy  troops  put  ashore 
each  day  (in  this  case,  none). 

The  recurring  phrase  "each  day"  in  the  above  list  indicates 
the  degree  of  detailed  required  for  a  test  of  square-law  validity.  (If 
'“n<;:ny  reinforcements  and  friendly  or  enemy  non-battle  losses  are  non- 
ncgligible,  then  the  time  history  of  enemy  casualties  and,  separately, 
non-battle  losses  must  also  be  known  in  order  to  test  model  validity.) 
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crucial  first  step  in  carrying  out  this  program  has  also  been  clearly 
identified  by  Engel  --  a  determination  of  the  range  of  validity  of  alter¬ 
native  forms  of  i,anchester-type  models.  Unfortimately,  as  indicated 
earlier,  successful  execution  of  this  important  first  step  is  directly 
dependent  on  the  availability  of  a  large  body  of  sufficiently  detailed  data 
which  do  not  seem  to  be  readily  available. 

Although  not  emphasized  by  Engel,  a  certain  amount  of  progress  on 
other  phases  of  the  indicated  program  may  be  possible,  even  in  the  ab¬ 
sence  or  detailed  data,  provided  we  tentatively  assume,  as  a  working 
hypothesis,  the  validity  of  some  form  of  Lanchester-type  model.  It  Is 
the  purpose  of  this  study  to  attempt  just  such  a  program;  adopting  the 
validity  of  the  Lancuaster  square  law  as  a  working  hypothesis  and  point 
of  departure.  Keasons  for  adopting  the  square  law  hypothesis  rather 
than  some  other  are  as  follows: 

i.  It  Is  relatively  easy  to  deal  with  mathematically.  (Con¬ 
siderations  of  analytical  almplicl^  are  not  viewed  as  final.  In  explora¬ 
tory  studies,  such  us  this,  easily  handled  models  are  used  to  expedite 
the  work. ) 

ii.  At  least  one  battle  (Iwo  Jima,  mentioned  abovel  has  been 
shown  to  follow  the  square  law  predictions. 

iii.  The  square  law  might  be  viewed  as  an  approximation,  ob¬ 
tained  by  replacing  in  the  correct  model,  discrete  by  continuous  varia¬ 
bles  (or  random  variables  by  their  average  values),  and  linearizing  the 
result.  If  there  is  any  truth  in  this  view,  then  the  square  law  represents 
at  least  a  first  approximation  to  the  correct  model. 

iv.  The  complexity  of  the  square  law,  as  reflected  in  the  num¬ 
ber  of  parameters,  does  not  exceed  the  amo:uit  of  detail  obtainable  from 
moro-or-loss  readily  available  sources  of  data.  Thai  is,  the  number 
of  unLnown  constants  is  small  enough  that  we  can  determine  all  of  them 
from  such  data  as  is  available. 
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V.  Even  if  the  square  law  is  not  a  valid  model,  if  the  features 
of  combat  represented  by  the  square  law  are  in  fact  related  to  other  fac- 
to.'s  which  can  be  determined  prior  to  the  Initiation  of  combat,  then  we 
may  be  able  to  at  least  define  predictors  which  permit  a  forecast  of  those 
featuros  once  the  appropriate  factors  atre  known.  In  other  words  we  may 
be  able  to  make  assertions  such  as,  '*If  you  are  going  to  use  the  square 
law  for  predictions,  then  by  measuring  certain  factors  and  performing 
certain  operations  you  will  obtain  a  prediction  of  such-and-such  an  as¬ 
pect  of  combat.  "  (Note  that  we  may  not  understand  why  such  predictors 
work  unless  and  until  additiotial  theoretical  insight  becomes  available. ) 
Discussions  of  other  factors  influencing  the  scope  of  the  study  are  con¬ 
tained  in  pp.  10  - 17  below. 


Ejq)ositloa  of  Method 

Theory 

The  available  data  consists,  for  the  most  part,  of  information  on 
a  number  of  historical  battles.  The  sources  from  which  these  data 
were  assembled  usually  confined  discussion  to  the  following: 

a.  Date  and  place  of  occurrence  of  a  battle. 

b.  Forces  present  on  or  in  the  immediate  vicinity  of  the 
battlefield  during  the  engagement. 

c.  A  narrative  account  of  the  salient  features  of  the  action, 
normally  including: 

(1)  An  identification  of  one  side  as  attacker  and  the  other 

as  uc fender. 
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(2)  Duration  of  the  engagement, 
d.  A  statement  of  the  outcome,  including: 

(1)  Identification  of  one  side  as  victortous  and  the  other 

as  defeated. 

(2)  Losses  to  each  side. 


For  the  most  part,  uo  detailed  information  regarding  the  rate  of  rein- 
forceir  ent  is  available.  Since  most  of  the  data  assembled  by  the  author 
to  date  involve  battles  of  short  duration,  the  process  of  reinforcement 
will  be  neglected.  C^rational  attrition  will  also  be  neglected. 


It  is  then  possible  to  write  Lanchester's  equations  as: 
d  x/d  t  ®  k  =  -Py 
d  y/d  t  =  y  =  -Ax 


(1) 


which  is  the  form  adopted  for  study  in  this  paper.  These  equations 
assert  that  the  instantaneous  rate  of  attrition  to  attacking  troops  (x)  is 
proportional  to  the  number  of  defending  <y)  troops,  and  the  instantaneous 
rate  of  attrition  to  defending  troops  <y>  is  proportional  to  the  number  of 
attacking  troops  (x).  The  proportionality  parameter  O  and  A  respec¬ 
tively  represent  the  rate  of  attacker  (defender)  attrition  per  defender 
(attacker)  per  unit  time.  For  convenierce  in  the  following  discussion, 
these  and  other  important  parameters  are  given  (more  or  less  whimsi¬ 
cal)  names.  Thus,  D  will  be  known  as  "defender's  activity"  and  A 
will  be  termed  "attacker's  activity. "  With  this  terminology,  for  exam¬ 
ple,  the  first  member  of  Equation  (1)  may  be  read  as  "The  instantaneous 
rate  of  attrition  to  the  attacker  is  Jointly  proportional  to  defender  activity 
and  the  number  of  defending  troops. " 


ti 
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Let  Xq  and  be  (respectively>  the  attacker's  and  defender's  pro- 
battle  or  "initial"  strengths.  Then  Equations  (1^  may  be  rewritten  as: 


a  =  -  6d 
d  “  -  £Ka 


(2) 


where  we  have  set: 


x/Xq  =  a  (surviving  fraction  of  attacker) 
y/y^  =  d  (surviving  fraction  of  defender) 


then. 


“  V*o 


=  6 


A  x/yfl  =■  a  . 

In  addition  to  the  parameter  names  indicated  above,  x^/y^  will  be  called 
the  (initial)  *'force  ratio"  of  attacker  to  defe..der.  Since,  at  the  initia¬ 
tion  of  combat,  a  »  d  -  1,  the  parameters  cv  and  6  represent  the  initial 
fractional  attrition  rates  to  defender  and.  attacker  respectively. 

Dividing  the  first  member  of  Equation  (2)  by  ihe  second,  separating 
variables,  amd  integrating,  we  obtain: 


1  -  d‘ 


2  6 

where  we  have  set  4  =  —  .  In  this  form  we  see  that  u  is  related  to 

a 

the  relative  advantage  of  the  b.vo  sides.  In  particular,  if  4  >  1,  then 
the  surviving  fraction  of  attackers  goes  to  zero  before  the  surviving 
fraction  of  defenders;  if  4  <  1.  then  the  surviving  defender  fraction  is 
the  first  to  reach  zero.  This  suggests  that  we  deHne  the  (defender's) 

Trt::;;'/  p:i ivimi'tor",  V,  by: 

V  =  In  4  (4) 

ro  "In"  denotes  "natural  logarithm  of.  " 
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Thun  it  can  be  sbown^  that  a  poaitive  rfefender  advantage  msans  that 
the  attacker's  fractional  attrition  rate  Is  greater  than  the  defender's;  a 
negative  defender  advantage  means  that  the  defender's  fractional  attri¬ 
tion  rate  is  greater  than  the  attacker's;  a  zero  advantage  denotes 
equality  of  attacker's  and  defender's  fractional  attrition  rates. 

By  referring  to  the  definitions  of  a,  6,  and  n,  we  may  write  Equa¬ 
tion  (3)  as: 

D/A  .  1-^  («„/y/  (6) 

thus  determining  D/A,  the  "activity  ratio,  "  in  terms  of  the  surviving 
fractions  and  the  force  ratio. 


The  complete  solution  of  Equations  (2)  may  be  written  as; 


a  a  cosh  e  -ft  sinh  c 
-1 

d  a  cosh  sinh  e 

where  p  is  defined  by  Equation  (3),  and  €  »  X  t;  where  X  =»  fah,  and 
t  is  the  duration  of  the  engagement.  Referring  to  the  definition  of  a 
and  <5 ,  we  see  that 


X  » 


i.  e, ,  X  is  the  geometric  mean  of  defender  and  attacker  activity.  Since 
it  represents  an  average  activity,  it  seems  reasonable  to  call  X  the 
"intensity"  parameter  and  to  interpret  it  as,  in  some  sense,  a  measure 
of  the  average  intensity  of  battle.  With  this  interpretation  of  X ,  c  may 
be  interpreted  as  the  product  of  battle  duration  and  average  battle  inten¬ 
sity.  As  such,  it  seems  appropriate  to  cail  «  tlio  "bitterness"  para¬ 
meter  and  interpret  it  as,  in  some  sense,  a  measure  of  the  bitterness 


b.  g.  ,  by  inspecting  the  time  derivatives  of  a  and  d  calculated 
IroT.  L^juatiuns  (6). 
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By  writing  the  hyperbolic  functions  in  Equations  (6)  as  exponentials, 
it  is  possible’  to  derive  the  following  expression  for  the  bitterness  para¬ 
meter  in  terms  of  surviving  fractions  and  p  : 

‘  ’  ■“  (Hi?) 

Summarizing  the  results  obtained,  we  see  that  if  the  historical  data 
includes  items  b,  cl,  and  d2  of  those  given  earlier,  then  it  is  possible 
to  use  this  data  to  estimate  the  following  parameters: 

1.  Force  ratio  (Xq/Yq! 

2.  Surviving  fractions  ( a  and  d  1 

3.  Advantage  (  V  or  p  ) 

4.  Activity  ratio  <  D/A  ) 

5.  Bitthmess  <  e  ). 

If  the  data  also  give  the  duration  of  the  engagement,  then  the  follow¬ 
ing  additional  parameters  may  be  estimated:  * 

6.  Intensity  <  A ) 

7.  Initial  fractional  attrition  rates  (  a  and  6) 

8.  Attacker  and  defender  activities  (  A  and  D  respective¬ 
ly)- 


’Sue  Appendix  A. 

*This  comes  about  as  follows; 

A  =  e  /  t  by  definition  of  e  .  By  definition  of  A  and  p  ,  we  then 
can  estimate  r  “  \  p  and  ~  \ij  .  D  and  A  may  then  be  cstjiraled, 
c  n\  .iclinuion  of  a  and  6  we  must  have; 

D  -  and  A  =  or  yo^/x^, . 
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Methodological  Principles 

The  general  features  of  the  method  are  easy  to  state.  We  collect  a 
sizable  body  of  data  dealing  with  historic  battles,  use  this  daU  to  esti¬ 
mate  the  parameter  associated  with  each  battle,  and  search  the  results 
for  regularities.  Urdortunately,  this  program,  in  the  form  given  above, 
ignores  several  important  methodological  Issues. 

First,  practical  considerations  limit  the  search  for  data  to  battles 
in  a  restricted  area  of  space  and  time,  uid,  even  in  a  restricted  area  of 
space  and  time,  data  on  some  battles  may  be  either  Incomplete  or  in 
error.  As  a  result.  It  may  be  that  the  detected  regularities  are  spuri¬ 
ous,  i.  e. ,  could  be  due  to  accidental  circumstances  Influencing  the 
selection  of  and  errors  In  the  data.  In  other  words,  the  regularities 
supposedly  "detected"  might  disappear  or  be  altered  In  some  way  If  the 
data  included  all  battles  and/or  if  the  data  contained  no  errors  or  other 
random  fluctuations. 

Second,  oven  if  we  detect  some  regularities,  we  may  not  have  found 
all  of  the  regularities  lurking  in  the  data. 

Third,  Information  on  past  battles  may  not  be  applicable  to  future 
battles,  in  which  case  extrapolation  on  the  basis  of  detected  regularities 
would  be  improper. 

The  author  is  incapable  of  resolving  these  'ilfflcultlee  to  the  satis¬ 
faction  of  all  possible  readers.  In  fact,  considerable  scientific  and 
philosophical  debate  still  revolves  around  the  methodological  issues 
raised  above.  The  author  will  state  nls  views  on  these  problems  as  con¬ 
cisely  as  possible,  but  the  reader  will  have  to  determine  for  himself 
whether  or  not  Uiese  views  are  acceptable  to  him.  We  will  take  up  these 
issues  in  reverse  order. 

If  inlormalion  on  past  battles  is  not  applicable  to  future  battles, 
then  extrapolation  of  detected  regularities  Is  Impioper.  This  is  admit¬ 
ted.  Nevertheless,  we  have  no  way  to  Judge  the  future  save  by  our 
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present  ujiderstondlng  of  the  past.  While  opinions  may  differ  with  re- 
gard  to  the  meaning  assigned  to  the  term  "understanding,  "  there  la 
general  agreement  tliat  increased  unaerstanding  of  the  past  has  bosn 
and  will  continue  to  bo  useful. 

Whettier  the  data  and  our  understanding  of  it  are  sufficiently  com¬ 
prehensive  to  Justify  extrapolation  into  tbe  future  is  largely  a  matter  of 
inoividual  judgment  as  to  the  nature  and  degree  of  change  In  Mure  con¬ 
ditions  os  compared  to  past  conditions.  Nevertheless,  a  relation  which 
holds  for  the  past,  over  a  wide  range  of  conditions,  or  whloh  shows  a 
constant  trend  for  an  extended  period  of  time,  is  more  likely  to  hold  in 
the  future  than  one  which  la  unpredictably  dependent  on  circumstances. 

If  we  can  detect  some  regularities  in  the  data,  then  we  have  probably 
achieved  a  certain  amount  of  understanding  of  the  past.  If  wo  could 
detect  1^  regularities,  then  our  understandiag  of  the  data  would  le&ve 
nothing  more  to  be  discovered,  and  would,  in  that  sense,  be  perfect. 

The  work  presented  hero  is  not  to  be  viewed  as  the  acme  of  perfection 
or  completeness.  Far  from  being  finished,  the  w«)rk  is  hardly  begun. 

If  it  is  of  value  for  some  aspects  of  practical  problems  or  If  it  smooths 
the  way  for  a  deeper  understanding  of  some  of  the  problems  of  warfare, 
then  It  has  achieved  all  that  could  reasonably  be  expected  of  It.  Tbe 
position  taken  in  the  above  discussion  is  haixlly  dletinguishable  from  that 
adopted  by  Clausewltz  fRef.  12). 

"If  theory  investigates  the  things  that  moke  up  war,  if  it  sopurates 
morr  distinctly  that  which  at  first  sight  seems  confused,  if  it  explains 
fuJly  tl.e  properties  of  the  means,  If  it  shows  their  probable  effects,  if 
It  clearly  defines  the  nature  of  the  ends  in  view,  if  it  sheds  the  light  of 
a  deliberate,  critical  observation  over  the  whole  field  of  war  —  then  it 
has  achieved  the  main  object  of  Its  task.  It  then  becomes  a  guide  to 
h'''<*'f'r  wishes  to  hoeorne  familiar  with  war  from  booko;  it  cverj'wh«:ro 
lights  up  for  him  the  nad,  facilitates  bis  progress,  educates  his  judg¬ 
ment,  and  keeps  him  from  going  astray  .... 
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So  it  turns  to  experience  and  directs  its  attention  to  Uiose  precedents 
which  military  history  already  has  to  show,  la  this  way  it  will  oortalnly 
be  a  limited  theory,  which  only  lits  the  circumstancee  as  military  his¬ 
tory  present  them.  But  this  limitation  is  from  tho  first  inevitable,  be¬ 
cause,  in  every  case,  what  theory  soys  of  things,  it  must  either  have 
abstracted  from  milltaiy  history,  or  at  all  events  compared  with  that 
history.  Besides,  such  limitation  is  la  any  case  more  theoretical  than 
real. 

One  groat  advantage  of  this  method  is  that  theory  cannot  loss  Itself 
In  sublstlea,  hair-splittings  and  chimeras,  but  must  remain  practi¬ 
cal  .... 

Examples  from  history  make  everything  clear,  and  in  addition,  they 
afford  the  most  convincing  kind  of  proof  in  the  empirical  fields  of  knowl- 
ed^.  This  applies  to  the  art  of  war  mors  than  to  anything  else. " 

With  regard  to  the  possibility  of  erroneous  or  spurious  regularities, 
we  will  make  use  of  Richardson's  principle  of  historical  data  samples 
(Ref.  10). 

"Let  us  assume,  as  a  working  hypothosls,  that  every  finite  set  of 
historical  events  is  only  a  sample  of  what  might  have  happened.  Any 
quantitative  theory  of  history  is  therefore  not  required  to  agree  pre¬ 
cisely  with  actual  historical  events,  but  to  agree  only  within  tho  range 
of  uucertniaty  ascribable  to  sampling.  " 

Adoption  of  this  principle,  in  effect,  arms  us  with  all  the  tools  and 

* 

techniques  of  modem  statistical  theory.  Use  of  these  techniques  will 
not,  to  be  sure,  eliminate  all  possibility  ot  spurious  regularities,  but 
their  application  does  provide  a  framework  within  which  those  problems 
can  be  discussed,  togetlier  wlUt  methods  for  ectlmating  the  probability 
Ui-U  a  feivo.i  I'lgui.ii  r.y  la  ipunoua.  Further  testing  oi  pusaiblc  ri.-gul.ir- 
ities  by  independent  investigators  an>i  tho  study  of  furthct  data  in  the 
form  of  additional  imlepcndent  historical  samples  will  l1»o  help  to 
i*  >.  I  i-asc  the  likt  lihooil  of  .spurious  rejr  lanties. 


1- 


CORG-S  P-123 


To  summarize  our  dlacuasion  of  methodological  principles,  we  may 
say  tliat  the  proposed  procedure  amounts  to  neither  more  nor  less  than 
an  application  of  the  so-called  "scientific  method,  "  zz  the  author 
understands  it,  using  military  history  os  a  source  of  data  and  aided  by 
modem  statistical  techniques.  As  such,  the  proposed  procedure 
carries  with  it  the  same  advantages  and  disadvantages  as  any  otoer 
application  of  the  "scientific  method.  " 

l 

Limitations  of  the  Method 

Several  limitations  have  been  discussed  in  the  Introduction  (pp.  3  - 
5)  and  In  the  paragraphs  immediately  above  (pp.  10  -  13 ).  These 
Include  the  limitations  imposed  by  '^he  Inability  to  consider  more  than  a 
limited  sample  of  battles,  the  inability  to  detect  all  regularities  con¬ 
tained  In  even  a  limited  sample,  and  the  uncertainties  involved  in  eotra- 
polatiQg  to  the  htture  such  regularities  as  may  be  discovered.  Also 
Inolu^ed  is  the  self-imposed  restriction  to  dlsousslng  the  data  In  terms 
of  the  classical  Lancheeter  square -law  model,  Including  tho  neglect  of 
detailed  oonalderotlon  of  relnforcemonts  and  operational  attrition. 

The  reader  is  cavdlonod  that  this  study  in  no  sense  provides  a  tost 
of  the  validity  of  Lanoheater's  square-law  model  of  combat.  As  noted 
in  the  Introduction  (pp.  3  -  5),  such  a  validity  test  requires  highly  de¬ 
tailed  information  on  the  casual^  experience  of  each  combatant.  Other 
than  the  data  used  in  r.eforenco  9,  the  author  is  ao>  aware  that  any  such 
data  exists  in  the  unclassified  literature.^ 

The  author  considers  that  the  quality  of  the  daUi  used  is  a  possible 
limitation  on  the  results  obtainable  by  the  method,  and  therefore  will 
briefly  diecuss  some  of  the  difficulties  encountered  in  tho  collection  and 


’For  some  data  available  Imm  classified  sources,  see  Reference 
1-i 
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use  of  data.  Four  categories  of  data  appear  to  merit  discussion. 

These  are  <1)  identification  of  attacker  and  defender,  (2)  initial  strength, 
(3)  casualty  estimates,  and  (4)  duration  of  engagement. 

Identification  of  Attacker  and  Defender 

In  some  battles  <e.g. ,  Bunker  Hill)  it  seems  to  be  quite  clear  which 
side  is  the  attacker  and  which  the  defender.  In  others,  it  is  considerably 
less  clear.  In  reviewing  narrative  accounts  of  action,  the  author  found 
that  in  some  instances  a  force  attacked  the  enemy  but,  finding  them¬ 
selves  out  numbeied,  "were  immediately  thrown  on  the  defensive.  " 

Also,  for  engagements  over  extended  intervals  of  time,  a  pattern  of 
attack,  counter-attack,  counter-counter-attack,  etc. ,  is  common.  In 
cases  like  these,  identification  of  one  side  or  the  other  as  attacker  must 
be  nominal  at  best.  The  identifications  given  in  Table  I  are  based  either 
on  the  identifications  given  in  the  sources  consulted  or  on  the  author's 
impression,  basedi  on  the  narrative  accounts,  of  which  side  behaved 
most  aggressively.  When  allied  nations  participate  on  the  attacking  or 
on  the  defending  side,  an  attempt  was  made  to  present  identifications 
which  correspond  either  to  the  nationality  of  the  largest  body  of  troops 
or  to  the  nationality  of  the  commander  of  the  allied  forces. 

Initial  Strength 

To  some  extent,  an  attempt  was  made  to  include  in  Table  I  only  the 
number  of  personnel  "engaged"  on  each  side,  although  not  all  of  the 
sources  consulted  unambiguously  indicate  how  many  were  engaged  as 
opposed  to  the  number  present  somewhere  in  the  general  battle  area. 

The  narrative  accounts  of  some  battles  indicate  that  sizable  bodies  of 
troops,  though  not  greatly  distant  from  the  battlefield,  were  not  engaged 
for  one  reason  or  another.  In  addition,  it  is  sometimes  difficult  to 
decide  how  to  count  the  influence  of  reserves  and  maneuvering  elements. 


’  '’Discussion  of  data  in  relation  to  specific  sources  is  contained  in 
Anpendi.x  B. 
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For  example,  in  the  battle  of  Chancelloisville,  Jackson  took  a  large 
force  (about  26, 000  men)  and  marched  westward  on  a  15-mile  detour  to 
envelop  the  Federal  rig^t  flank.  In  this,  as  in  similar  cases,  maneu¬ 
vering  elements  and  an  unknown  fraction  of  reserve  troops  are  counted 
as  part  of  the  initial  force  strength.  (See  Table  I. ) 

As  might  be  expected,  the  trustworthiness  of  much  of  the  data  is 
questionable.  For  example,  Reference  11  states  that  in  the  battle  of 
Bunker  Hill  "about  1, 200  men"  were  defending  and  were  attacked  by 
''between  2,000  and  3,000"  British.  In  the  battle  of  Palo  Alto,  Taylor 
estimated  his  opponent's  strength  as  6,000  (Ref.  15).  Reference  11 
merely  states  that  Arista's  strength  has  been  "variously  estimated  at 
between  4,  000  and  6, 030.  "  Reference  15  says  that  Arista  gave  his 
strength  as  about  3,  000  and  adds  that.tl'is  is  "probably  about  right.  " 
With  regard  to  the  data  on  American  Civil  War  battles,  Reference  15 
repeatedly  remarks  that  the  number  engaged  is  difficult  to  determine. 

A  third  possible  source  of  error  in  estimated  initial  strengths 
arises  from  the  relatively  superficial  treatment  of  reinforcement.  As 
mentioned  before,  we  have  included  the  total  number  of  troops  on  or 
near  the  battlefield  at  any  time  with  the  initial  strength  figures,  which 
is  tantamount  to  assuming  that  the  leinforcements  were  engaged  from 
the  beginning.  However,  in  nearly  all  cases,  examination  of  the  influ¬ 
ence  of  i*eiaforcements,  detachments,  maneuver  elements,  reserves, 
etc. ,  in  greater  detail  than  is  undertaken  here  would  require  more  pre¬ 
cise  data  than  can  be  found  in  readily  accessible  historical  treatments 
of  battles. 

Casualty  Estimates 

In  addition  to  participating  in  some  of  the  sources  of  error  de¬ 
scribed  above  for  initial  strength  data,  other  errors  or  confusions  are 
{Ajssiuie  In. re. 
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Since,  as  we  have  seen,  initial  strength  values  are  often  in  error, 
and  since,  in  some  instances,  casualties  m&y  have  been  estimated  by 
subtracting  "strength  after  battle"  from  "strength  beto re  battle,  "  the 
casualty  values  iray  in  some  cases  represent  the  result  of  subtracting 
one  large  inaccurate  number  from  another  large  inaccurate  (but  approx¬ 
imately  equal)  number.  It  is  v/ell-koown  that  this  Sort  of  procedttre  can 
result  in  extremely  large  errors. 

Although  perhaps  not  a  source  of  errar  as  such,  confusion  can 
readily  be  created  (and  the  difficulty  of  data  interpretation  Increased) 
by  variations  in  the  criteri  lopted  for  a  "casualty. "  The  following 
criteria,  or  combinations  thereof,  ^eem  to  be  generally  used: 

a.  Operational  attrition  —  Includicg  illnesses,  accidents,  admin¬ 
istrative  transfers,  desertion,  confusion,  etc. 

b.  Missing  in  action  —  MIA 

0.  Prisoner  of  war  —  POW 

d.  Wounded  in  action  —  WlA  (including  died  of  wounds  —  DOW) 

e.  Killed  in  action  —  KIA 

Altho«igh  an  attempt  has  been  made  to  include  In  the  casualty  data  only 
the  estimated  value  corresponding  to  the  combined  category  WlA  +  ICIA, 
in  some  instances  only  the  MIA  +  WlA  +  fOA  figure  was  available 
from  the  data  sources  consulted.  In  oome  cases  the  number  MIA  may 
be  small  so  tl;at  lumping  it  with  KIA  WLA  does  not  appreciably  alter 
the  estimated  casvalty  ^mlue.  In  some  instances  the  referenceR  gave 
only  a  figure  labelled  as  "losses, "  and  it  would  seem  from  the  context 
that  "losses"  were  to  be  interpreted  as  MIA  +  POW  +  WJA  +  KIA, 
althou^  exactly  what  the  author  had  in  mind  is  often  unclear.  Webster's 
New  Cotlegiate  Dictionary  defines  "Loss,  (mil.);  The  losing  of  soldiers 
in  battle  or  by  surrender;  also,  chiefly  in  plural,  killed,  wounded,  or 
capturt'd  soldiers.  "  The  term  "losses"  is  not  defined  In  AR-320-5 
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Dictionai-y  of  U.  S.  Army  Terms,  although  "battle  casualty"  is,  and 
includes  those  "killed,  wounded,  missing,  captured,  or  interned.  " 

Duration  of  Engagement 

In  general,  tlie  duration  of  an  engagement  is  difficult  to  determine. 
For  example,  should  the  time  occupied  by  the  skirmishes  and  minor 
fights  preceding  the  main  battle  of  Gettysburg  be  counted  as  part  of  the 
duration  of  the  battle  or  not?  In  rare  instances  (e.g. ,  the  account  of 
the  battle  of  Austerlitz  in  Reference  11),  the  reference  asserts  that  the 
stated  number  of  casualties  occured  in  a  certain  pericxl  of  time.  Usu¬ 
ally,  only  vague  indications  are  given,  such  as  'tie  battle  opened  on 
the  morning  of  .  .  .  "  and  was  "over  before  nightfall  on  .  ..."  In 
some  cases  (e.  g. ,  the  Pacific  Island  ain{dilbious  operations)  the  begin¬ 
ning  of  the  land  battle  is  quite  clear-cut,  although  the  effects  of  the 
preceding  Naval  and  Air  operations  may  not  be  adequately  represented 
if  the  occasion  of  landing  troops  is  taken  as  the  initiation  of  the  battle. 
Moreover,  It  is  notoriously  difficult  to  select  a  time  '\ich  represents 
the  end  of  these  island  campaigns. 

The  estimates  of  battle  duration  used  here,  represent,  for  the  most 
part,  this  author's  best  guesses,  on  the  basis  of  limited  study  of  the 
narrative  accounts,  as  to  the  initial  and  terminal  times.  The  reader 
is  cautioned  that,  for  some  of  the  older  battles,  the  duration  has  been 
adjusted  under  the  assumption  of  no  night  fighting.  Thus,  for  example, 
the  Seven  Day's  Battles  arc  assigned  a  duration  of  70  hours  (7  days 
with  10  hours  of  usable  daylight  each  day).  A  like  procedure  was  not 
adopted  for  the  World  War  II  data,  nor  in  otber  cases  when  a  reading  of 
the  narrative  account  did  not  seem  to  clearly  justify  the  assumption  of 
negligible  night  fighting. 
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RESULTS 


Data 

Data  on  the  historical  battles  treated  in  this  report  were  assembled 
from  References  9>  II,  15,  16,  17,  18,  and  19.  The  principal  quan¬ 
titative  components  of  this  data,  together  with  the  identifications  of 
attacker  and  of  victor,  are  presented  in  Table  L  (Except  for  the  data 
used  in  the  comparison  of  sources,  for  which  see  Appendix  B.  Further 
discussion  of  data  and  treatment  refers  to  that  in  Table  I,  unless  a  spe¬ 
cific  assertion  to  the  cc-ntrary  is  made.  > 

1.  Population  and  Sample** 

In  accord  with  Richardson's  "Principle  of  Historical  Data 
Samples ,  "  we  consider  this  collection  of  data  as  a  sample  from  some 
population.  As  often  happens,  the  exact  nature  of  the  population  is  vir¬ 
tually  impossible  to  determine.  We  will  describe  certain  features  of 
the  sample  which  might  bo  of  assistance  is  Judging  the  nature  of  Uie  pop¬ 
ulation. 

V 

a.  Sample  Size 

Table  1  contains  data  on  a  total  of  92  distinct  historical 
battles.  For  each  of  these  battles  we  list  the  name  or  designation  of  the 
battle,  the  year  in  which  it  occured,  the  source  of  data  used,  the 


*  *  Reference  17  does  not  provide  either  narrative  accounts  or  an 
identification  of  attacker  and  defender.  Where  necessary,  this  lack  is 
supplied  from  either  Reference  11  or  18.  In  this  report,  the  only  use 
made  of  Reference  18  is  in  supplying  identifications  of  attacker  and 
defender  to  be  used  with  other  battle  data  obtained  from  Reference  17, 
and  as  a  source  of  data  for  the  comparison  of  data  Sources  given  in 
Appendix  B.  Also  in  this  report.  Reference  19  Is  used  only  for  the 
comparison  of  sources  in  Appendix  B. 

See  Reference  13  for  a  discussion  of  the  concepts  involved  in  the 
terms  "population"  and  "sample. " 
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identifications  of  attacSer  and  defender,  the  estimated  initial  troop 
strength  on  each  side,  the  estimated  casualties  suffered  by  each  s/.dc 
(together  with  a  notation  approximately  identifying  the  casualty  criterion 
involved),  and  an  identification  of  the  victor.  For  82  of  these  battles,  an 
estimate  of  the  time  duration  is  also  supplied. 

b.  Oistributlon  of  Sample  Data  in  Time 

Although  battle  dates  vary  from  1741  A.  D.  to  1945  A.  O. , 
all  but  5  of  the  92  battles  occured  between  1757  and  1877,  inclusive 
Figure  1  shows  the  distribution  of  battles  in  time  by  twenty-year  inter¬ 
vals.  The  high  degree  of  clustering  reflects  the  occurrence  of  certain 
periods  of  general  military  activity,  such  as  the  Napoleonic  Wars,  the 
Wars  of  Frederick  the  Great,  etc.  / 

c.  Distribution  of  Sample  Data  in  Space  / 

Of  the  92  sample  battles,  69  were  fought  la  the  Eurasian 
area,  20  in  North  America,  and  4  on  Pacific  Ocean  islands.  These 
battles  took  place  on  terrain  of  various  types,  including  the  open  Plains 
of  Abraham  near  Quebec,  the  wooded  thickets  of  the  Wilderness  battles, 
the  hills  and  caves  of  Iwo  Jiraa,  and  the  cultivated  fields  near  Waterloo. 

d.  Distribution  Among  Countries 

The  governments  which  participated  in  these  battles  and 


Ute  approximate  frequency  of  participation”  in  numbers  of  battles, 

were: 

France 

40  battles 

Prussia  or  Germany 

36  ” 

Austria 

30 

Uiiited  States  of 
America 

23  ” 

■  ’  h  viiiiii  ull  to  kJlow  how  much  wetght  to  give  to  paiticipatii)!'. 
with  nlhes  und*.'!'  a  United  Command. 
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Russia 

Confederate  States 
of  America 

Britain 

Turkey 

Mexico 

Japan 

Piedmont 

Hungary 

Spain 

Sardinia 

Denmark 

Hanover 


14  battles 

12  ” 

7  " 

5 

4  ” 

4  ” 

3  " 

1 

1  ” 

1 

1  " 

1  *’ 


e.  Magnitude  of  the  Sample  Battles 

In  terms  of  X,  the  total  number  of  troops  Involved 
(X  »  Xg  +  y^),  the  smallest  of  the  92  battles  is  Cowpens  with  X  »  2»  000 
and  the  largest  is  Leipzig  with  X  ^  472,  SOO.  The  overall  total  forces 
(the  sum  of  X's  for  all  92  battles)  amounts  to  19, 784,873,  and  the  aver¬ 
age  total  force  (average  of  X's  over  92  battles)  is  about  117,227. 

In  terms  of  C,  the  total  number  of  casualties 

(C  =  C  +  C  ),  the  smallest  of  the  92  battles  is  Cowpens  with  C  ®  303, 
X  y 

and  the  largest  is  Leipzig  with  93, 000.  The  overall  total  casualties  (the 
sum  of  C's  for  all  92  battles)  amounts  to  1, 431, 898,  and  tho  average 
total  casualties  (average  of  C's  over  92  battles)  is  about  15, 564. 

In  terms  of  F,  the  total  casualty  fraction  (F  »  c/X),  the 
smallest  of  the  92  battles  is  Temesvar  with  P  =  0.007,  and  the  largest 
is  Iwo  Jima  with  F  =  0. 448.  The  average  total  casualty  fraction  (aver¬ 
age  of  F's  over  92  battles)  is  about  0. 138. 

In  ti'i  ms  of  t,  tho  duration  of  battle,  the  shortest  of  the  82 
l):itiles  for  which  this  datum  is  recorded  are  Rossbach  and  the  break  out 
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at  Picvna,  each  with  a  duration  of  2  hours,  the  longest  Is  Iwo  Jima 
with  S64  hours  <36  days).  The  overall  total  battle  duration  <the  sum  of 
t's  for  all  82  battles)  amounts  to  3, 651. 5  hours,  and  the  average  battle 
duration  (average  of  t's  over  82  battles)  is  about  44. 5  hours. 

In  terms  of  M,  the  number  of  battle  man-hours  (M  -  Xt), 
the  largest  of  the  82  battles  for  which  this  datum  is  available  is  Iwo 
Jima  with  M  »  81,648, 000,  and  the  smallest  is  Lundy's  Lane  with 
M  »  25,000.  The  overall  total  battle  man-hours  (the  sum  of  M's  for  all 
82  battles)  amounts  to  377,308,  000,  and  the  average  number  of  battle 
man-hours  (average  of  M's  over  82  battles)  is  4, 601, 000. 

f.  Numerical  Superiority 

Of  the  92  battles  the  one  with  the  greatest  force  ratio 
<Xo/  y^)  is  Iwo  Jima  with  395,  and  the  one  with  the  least 

force  ratio  is  Plevna  with  ^q/Vq  -  0.250.  The  average  force  ratio 
(over  82  battles)  is  1. 323. 

g.  Victorious  Side 

In  47  of  the  92  battles  the  attacker  is  given  credit  for  the 
victory.  In  the  remaining  45  battles  the  defending  side  is  counted  as 
victorious. 

2.  Errors  in  the  Data 

In  order  to  obtain  an  estimate  of  the  variability  attributable  to 
differences  between  sources,  data  from  a  few  more-or-less  independent 
sources  was  obtained  for  each  of  7  separate  battles.  These  data  and  the 
Lanebester  parameters  estimated  from  them  are  discussed  in  detail  in 
Appendix  B.  It  is  sufficient  to  note  here  that  the  sample  data  consists 
of  estimates  of  the  combat  situation  rather  than  the  situation  Itself.  As 
such,  different  sources  present  different  estimates. 

Although  the  variability  between  estimates  cculd  presumably  be 
reduced  by  reference  to  primary,  rather  than  secondary,  sources  of 


COUG-.SP-lliS 


21 


information,  it  seems  likely  that  some  variability  and  uncertainty  would 
always  remain^  Consequently,  it  is  necessary  to  estimate  the  amount  of 
this  variability  and  to  consider  its  implications  on  various  aspects  of  the 
program  being  pursued.  This  is  done  in  the  development  and  discussion 
of  results, 

3.  Combat  Parameters 

Lanchester  parameters  for  each  battle  were  estimated  from  the 
data  of  Table  I  by  the  procedures  outlined  in  Chapter  II,  Method,  and  are 
tabu‘«<^ed  in  Table  II. 

Other  combat  parameters  are  introduced  and  defined  as  needed 
in  a  manner  similar  to  that  adopted  above  for  the  discussion  of  battle 
magnitude. 

Findings 

As  noted  in  Chapter  II,  Method,  we  neither  claim  nor  expect  that 
we  have  uncovered  all  the  rel^ionshlps  and  regularities  concealed  in  the 
data.  It  is  appropriate  to  note  here  that  many  of  the  findings  presented 
in  the  sequel  are  negative  in  nature,  1.  e. ,  we  assert  that  certain  regu¬ 
larities  or  relationships  are  not  supported  by  the  data  under  investiga¬ 
tion.  These  negative  findings  are  often  as  important  as  the  positive 
findings  in  contributing  to  an  understanding  of  combat  and  constitute  an 
easeotial  part  of  the  findings.  In  addition,  somo  of  our  findings  will  be 
uncertain  or  indefinite,  i.  e. ,  we  assert  that  certain  regularities  are 
neither  clearly  supported  cV  denied  by  the  data  under  investigation.  Re¬ 
sults  of  this  nature  constitute  problems  for  further  study. 

1.  Correspondence  Between  Parameters  and  Phenomena 

In  Chapter  II,  Method,  names  were  given  to  the  theoretical 
I.anrheeter  parameters  (e.g.  ,  bitterness  for  t  and  adv.-uitagc  for  In  u). 
The  names  assigned  suggest  a  correspondence  between  the  theoretical 
symbols  appearing  in  Lanchester's  theory  anci  certain  phenomena 


22 


CORG-SP-128 


occurlng  in  the  real  world.  It  is  important  fo  determine  whether  the 
implied  correspondences  are  valid  or  whether  they  are  merely  fictitious 
and  misloading.  We  will  investigate  the  situation  for  the  bitterness  and 
advanta^^e  parameters. 

a.  Bitterness 

We  begin  by  Investigating  whether  the  Lanohester  para* 
meter,  e  ,  can  legitimately  be  considered  as  an  index  of  battle  bitter¬ 
ness.  Figure  2  shows  a  scatter  diagram  (See  Ref.  13  for  definition. )  of 
€  versus  F  (in  other  words,  of  bitterness  versus  total  casualty  frac- 
tion),  together  with  a  graph  of  the  flmcUon*  ^  e  -  1.  The  data  points 
closely  follow  the  plotted  curve  for  total  casualty  fractions  less  than 
0. 4,  but  apparently  tend  to  diverge  from  it  for  larger  total  casualty 
fractions.  Some  divergence  is  expected,  since  we  learn  from  Appendix 
A  that 

which  implies  that  when  a  and  d  are  both  small  (in  which  case  F  must 
be  close  to  unity)  c  must  be  large.  In  fact,  as  a  and  d  both  approach 
zero,  f  approaches  unity  but  <  approaches  infinity.  As  F  approaches 

p 

unity,  however,  e  -  1  approaches  e  -  1,  or  approximately  1.7, 

rather  then  infinity.  Hence,  on  theoretical  grounds,  we  expect  the  data 

F 

points  to  diverge  from  the  curve  e  -  1  when  F  is  large. 

Since  the  total  casualty  fraction  may  reasonably  be  taken  as  a 
measure  of  battle  bitterness,  we  conclude  that,  at  least  for  a  wide 
rang"  of  total  casualty  fraction  values,  the  Lanchester  bitterne.ss  para¬ 
meter,  c  ,  adequately  reflects  the  more  usual,  intuitive  concept  of 
combat  bloodiness,  bitterness,  and  the  like.  We  may  then  also  conclude 


'^Hcre  and  in  the  following,  e  will  represent  the  base  of  the  .system 
of  natural  logarithms  and  is  approximately  equal  to  2.  718281828  .... 
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ihM  the  Lanclu'stcr  tntensity  paraiuetei',  reflects  the  more  usual  concept 
ot  combat  iniensi:y,  activity,  and  the  like,  since  by  definition  we  have 
X  »  c  / 1  ,  where  t  is  the  duration  of  battle. 

b.  Advantage 

Our  problem  here  is  to  decide  whether  the  so-called  "ad¬ 
vantage"  parameter,  In  p  ,  can  legitimately  be  considered  as  an  index 
of  defender's  relative  advantage.  Table  lUa  shows  the  results  of  a  tabu¬ 
lation  of  the  number  of  battles  won  by  side  and  by  the  sign  of  In  n  (if 
In  /I  >  0,  then  the  defending  aide  theoretically  has  the  advantage;  if 
In  p  <0,  the  attacking  side  theoretically  has  the  advantage).  Table  lUb 
displays  the  same  information  expressed  as  a  percentago  of  the  number 
of  victories  by  the  respective  sides. 

We  say  that  the  Lanchester  advantage  parameter,  In  |u  , 
"follows  the  victor"  In  a  battle  if  the  sign  of  In  p  Is  "right"  (1.  e. ,  posi¬ 
tive  when  defender  wins;  negative  when  attacker  wins).  Thus,  Table  IHa 
shows  that  the  Lanchester  advantage  paramoter  follows  the  victor  in  68 
(73. 9%)  of  the  92  battles  and  does  not  follow  the  victor  in  24  (26. 1%)  of 
the  battles. 

It  ie  important  to  ask  whether  it  is  likely  that  these  results 
are  spurious  or  not.  Table  Ills,  especially  when  put  in  the  form  of 
Table  nib,  appears  to  indicate  that  In  p  is  more  nicely  to  be  positive 
them  negative  when  the  defending  side  wins,  and  more  likely  to  be  nega¬ 
tive  than  positive  when  the  attacking  side  wins,  but  how  sure  are  we  that 
this  interpretation  is  Justified?  To  answer  questions  of  this  nature, 
statisticians  frequently  use  the  so-called  Chi-square  test.  (See  Refer¬ 
ence  13.  Note  that  we  are  dealing  with  what  is  technically  known  us  a 
2x2  contingency  table,  so  Yates's  correction  will  be  applied.)  On  the 
basis  of  the  data  in  Table  Ilia,  the  value  of  (Thi-square  (calculated  using 
VaUo  coi  ifctiun)  turns  out  to  be  20.  32,  with  1  degree  of  freedom. 

This  large  a  value  of  Chi-square  would  occur,  if  chance  were  the  only 
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factor  affectlnif  the  data,  considerably  loss  than  J  of  one  p-rcenl  of  the 
t'm«.  We  must  conclude  that,  beyond  any  reasonable  d.-'ubt,  ‘  *  some 
factor  other  than  or  In  addition  tr  pure  chance  has  given  rise  to  the  data 
of  Table  Ilia.  Essentially,  this  amounts  to  saying  that  the  sign  of  tho 
Lonchestor  advantage  parameter  is  indeed  somehow  associated  with  the 
victorious  side,  so  in  this  case  our  less  formal  interpretation  of  Tables 
Ula  and  Illb  is  supported  by  the  statistical  computations. 

The  above  does  not  entirely  resolve  the  issue,  however, 
for  if  In  p  is  to  be  interpreted  as  an  index  of  advantage  wo  need  to  show 
that  the  greater  victories  tend  to  bo  associated  with  extreme  values  of 
the  advantage  parameter.  To  investigate  this  question,  a  list  of  the  ad¬ 
vantage  parameter.  In  n  ,  values  for  all  92  battles,  ordered  from  the 
most  extreme  negative  value  to  the  most  extreme  positive  value,  was 
prepared  and  the  corresponding  victorious  side  was  listed  beside  eacn 
advantage  narametor  value.  Table  IV  exhibits  this  arrangement.  Note 
that,  in  reading  down  the  columns  in  order  from  the  algebraically 
smallest  value  of  In  m  to  the  algebraically  largest  value,  the  victor  is 
first  exclusively  the  attacking  side,  then  predominantly  the  attacking 
side,  then  neither  side  predominates;  and  then  gradually,  the  victor 
becomes  predominately  the  defending  side,  and  finally  becomes  exclu¬ 
sively  the  defending  side.  From  Table  IV,  we  obtain  Table  Va,  which 


*  ’The  usual  statistical  convention  is  to  consider  that  tho  occurrence 
of  a  result  which  would  have,  If  chance  were  the  only  factor  affecting  the 
data,  an  0.  05  or  smaller  probability  of  occurrence  constitutes  "proof 
beyond  i'  .enable  doubt"  that  chance  is  not  tho  only  factor  atfecting  the 
data.  Ti.c  occurrence  of  a  result  which  would  occur  more  than  5%  of 
*.hi  time  by  «  hiuice  is  not  usually  taken  to  demonstrate  beyond  reason¬ 
able  doubt  tl>at  some  factor  other  than  chance  is  operating.  Wc  will 
follow  these  conventions  here  and  in  the  following  discussions,  but  will 
usually  indic.'ito  the  probability  of  occurrence  which  a  result  under  dis¬ 
cussion  would  have  If  chance  were  the  only  factor  affecting  the  data, 
nv  ••'o  ■Ir'insr,  Hi  icailer  will  ix-  bettor  to  jiuiiT''  for  himst  if  wh,  Hor 
there  are  or  are  not  grounds  (or  "reasonable  doubt"  that  ch;inoe  .ilone 
IS  affecting  the  uata. 
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exhibits  tho  nuinbor  of  victories  by  side  with  Lucchester  advantage  para¬ 
meters  either  greater  than  0.3,  between  +  0.  3  and  -  0.3,  or  less  than 
-  0.  3.  Table  Vb  presents  the  same  information  expressed  as  a  percent¬ 
age  of  the  number  of  victories  by  tho  respective  sides.  From  Table  Va 
we  see  that,  for  values  of  In  p  numerically  greater  than  or  equal  to 
0. 3,  the  Lanebester  advantage  parameter  follows  the  victor  in  28 
(84. 8%)  of  33  battles,  ard  does  not  follow  tho  victor  in  5  (13. 2%)  of  the 
33  battles. 

Treating  Table  Va  as  a  2  x  3  contingency  table,  we  com¬ 
pute  a  value  for  Chi-square  of  16. 80,  with  2  degrees  of  freedom.  This 
large  a  value  of  Chi-square  would  occur,  by  chance  alone,  less  than  ^ 
of  one  percent  of  the  time,  so  again  we  must  conclude  that  the  associa¬ 
tion  between  vlctoiy  and  the  Lanchester  advantage  parameter  is  not 
spurious. 

In  sum,  the  LAnchoster  advantage  parameter  seems  to 
adequately  reflect  the  more  usual,  itr^iiilve  concept  of  probably  victory. 

c.  exher  Lanchester  Parameters 

The  remaining  Lanchester  param<>tere  have  been  defined 
in  such  a  way  (See  Chapter  H,  Method. )  that  they  clearly  reflect  a  large 
part  of  the  more  usual  concepts  Indicated  by  tho  names  assigned  to 
them. 

We  have  presentod  evidence,  which  the  author  believes  is 
highly  convincing,  in  support  of  tho  proposition  that  the  names  given  to 
the  various  Lanchestc-r  parameters  are  meaningful  and  may  rightly  be 
taken  as  numerical  indicators  of  the  aesociated  phenomena. 

2.  Behavior  of  Individual  Parameters 

Having  identified  the  various  parameters  with  relevant  and  ira- 
poitont  aspects  of  combat  phenomena,  we  begin  th?  Investigation  of  these 
1  :i  inicicrs.  Vtc  first  considor  individual  parameters  and  later  consider 
relations  .miong  two  or  more  parameters. 
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a.  Force  Datio 


Table  VI  shows  the  theoretical  frequeacy  of  battles  for 
ranges  of  logarithmic  force  ratio,  In  (x^/y^),  computed  on  the  basis  of 
a  theoretical  normal  distribution.  (With  the  same  mean  and  standard 
deviation  as  the  observed  values  of  logarithmic  force  ratio.  See  Refer¬ 
ence  13  for  defliiltlons  and  discussion  of  "normal  distribution,  "  "mean" 
and  "standard  deviation.  ")  The  observed  frequency  of  battles  is  shown 
for  comparison.  Figure  3  exhibits  the  theoretical  cumulative  normal 
distribution  and  the  observed  cumulative  distribution  of  logarithmic  force 
ratio,  and  Figure  4  displays  the  theoretical  normal  frequency  distribu¬ 
tion  and  observed  frequency  distribution  of  logarithmic  force  ratio. 

The  degree  of  ogreemoat  between  the  theoretical  normal 
distribution  and  the  observed  distribution  has  been  tested  using  the  Chi- 
square  goodness -of-flt  teat  (Ref.  Id).  Since  this  test  is  an  approxima¬ 
tion  whose  accura-^y  is  poor  if  any  of  tite  theoretical  frequencies  are  less 
than  5,  frequencies  were  grouped  prior  to  the  Chi-square  calculation  as 
indicated  in  the  last  two  columns  of  Table  VI.  (This  accords  with  the 
procedure  recommended  in  Reference  13.)  The  value  of  Chi-square 
obtained  was  10. 56  at  10  degrees  of  freedom.  This  value  of  Chi-square 
indicates  that  random  sampling  would  produce  a  poorer  fit  to  the  theo¬ 
retical  distribution  more  than  25%  of  the  time.  Hence,  the  data  under 
discussion  do  not  "prove  beyond  a  reasonable  doubt"  that  the  logarith¬ 
mic  force  ratio  is  not  normally  distributed.  In  statistical  terminology, 
we  say  that  the  data  under  discussion  are  consistent  with  the  hypothesis 
that  the  logarithmic  force  ratio  is  normally  distributed. '  ^ 


‘  ^  This  is  not  the  same  as  asserting  that  ine  data  proves  the  hypoth¬ 
esis,  since  the  data  may  be  consistent  with  other  hypotheses.  The  view 
normally  adopted  in  this  typo  of  situation  is  to  suspend  final  judgement 
pending  the  analysis  of  additional  data,  but  to  use  a  hypothesis  consist - 
I'p*  u  I'h  i!'<  i.i'j  .ind  other  uv  iilablc  inloriuation  on  u  icntaUvo  o.i.iia 
unul  luJmtiuiuil  dais  Ivoomc  available. 
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A  hypothesis  that,  on  theoretical  grounds,  is  not  expected 
to  hold  exactly  is  that  the  force  ratio,  (*iot  its  logarithm)  is 

approximately  normally  distributed.  The  theoretical  grounds  for  re¬ 
jecting  this  hypothesis  is  that  it  would  ascribe  a  non-zero  probability  of 
occurrence  to  negative  values  of  force  ratio,  which  is  known  to  be  false 
since  negative  force  ratios  are  impossible.  Testing  the  fit  between  ob¬ 
served  force  ratio  data  and  the  normal  distribution,  the  author  obtained 
a  Chi-square  of  17. 3  at  5  degrees  of  freedom.  A  quality  of  fit  this  bad 
would  obtain,  in  random  samples,  less  than  0. 5  percent  of  the  time.  In 
other  words,  the  data  is  inconsistent  with  the  hypothesis  that  the  force 
ratio  is  normally  distributed. 

Estimated  mean  and  standard  deviation  (See  Rsf.  13  for 
definitions.)  for  the  logarithmic  force  ratio.  In  (^q/Yq)*  0.156  and 

0.  512,  rccpectively. 

b.  Advantage 

Table  VQ  shows  the  theoretical  frequency  of  battles  for 
ranges  of  defender  advantage.  In  n  ,  computed  on  the  basis  of  a  theoret¬ 
ical  normal  distribution.  The  observed  frequency  of  battles  is  shown 
for  comparison.  Figure  5  exhibits  the  theoretical  cumulative  normal 
distribution  of  defender  advantage. 

The  Chi-square  goodness-of-fit  test  was  applied  to  the  data 

(grou  i  as  indicated  by  the  last  two  columns  of  Table  VII),  yielding  a 

w 

value  tor  Chi-square  of  9.  39  at  8  degrees  of  frcedo<n.  This  value  of 
Chi-square  indicates  that  random  sampling  would  produce  a  poorer  fit  to 
the  theoretical  distribution  about  33%  of  the  time.  Hence,  the  data  are 
consistent  ’vith  the  hypothesis  that  defender  aavantage.  In  /i  ,  is  nor¬ 
mally  distributed.  The  author  has  not  attempted  to  fit  other  theoretical 
distributions  to  these  data. 

Estimated  mean  and  standard  deviation  for  defender  advan- 
Uigi,'  arc  0.057  and  0.350,  respectively. 
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c.  bittorneas 


Table  VIII  shows  the  theoretical  frequency  of  battles  for 
ranges  of  logarithmic  bitterness.  In  e  ,  computed  on  the  basis  of  a  theo¬ 
retical  normal  distribution.  The  observed  frequency  of  battles  is  shown 
for  comparison.  Figure  6  exhibits  the  theoretical  cumulative  normal 
distribution  and  the  observed  cumulative  distribution  of  logarithmic 
bitterness. 

The  Chi-square  goodness-of-fit  test  was  applied  to  the  data 
^grouped  as  indicated  in  the  last  two  colunms  of  Table  VIll),  yielding  a 
value  for  Chi-square  of  5. 46  at  7  degrees  of  freedom.  This  value  of  Chi- 
square  indicates  that  a  random  sampling  would  produce  a  poorer  fit  to 
the  theoretical  distribution  more  than  50%  of  the  time.  Hence,  the  data 
are  consistent  with  the  i^pothesis  that  logarithmic  bitterness.  In  c  ,  is 
normally  distributed.  No  attempt  has  been  made  to  fit  other  tlieoretical 
di.stributioos  to  these  data. 

Estimated  mean  and  standard  deviation  of  logarithmic  bit¬ 
terness,  In  €  ,  are  -  2.157  and  0.834,  respectively. 

d.  Surviving  Fraction 

The  average  surviving  fraction  of  attacker  (averaged  over 
92  battles)  is  0.  850;  the  corresponding  value  for  the  defending  side  is 
0. 855.  As  indicated  in  Table  DC,  there  may  be  a  tendency  for  the  victo¬ 
rious  side  to  have  a  larger  and  less  variable  fraction  than  the  defeated 
side.  The  author  has  not  subjected  these  differences  to  careful  statisti¬ 
cal  analysis,  and  will  leave  this  area  to  future  investigations.  The 
statistically-trained  reader  will  note  that  in  addition  to  the  que.stion  of 
the  proper  form  of  distributions  for  surviving  fractions  on  each  side, 
additional  difficulties  may  arise  if  attacker  and  defender  surviving  frac¬ 
tions  are  not  statistically  independent. 
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Table  X  is  presented  to  provide  the  reader  with  a  more 
readily  comprehended  picture  of  the  distribution  of  surviving  fractions 
than  that  afforded  by  Table  H. 

3.  Relations  Between  Selected  Pairs  of  Parameters 

The  principal  tools  used  in  this  stucfy  to  examine  relations  be¬ 
tween  two  or  more  parameters  are  scatter  diagrams  and  linear  regres¬ 
sion  analyses  of  data  or  transformed  data.  (See  Ref.  13  for  definitions. ) 
Other  techniques  are  introduced  as  necessary  or  convenient,  hi  the  fol¬ 
lowing,  some  of  the  seemingly  more  important  parameters  are  selected 
and  their  relation  to  other  parameters  is  examined.  Parameters  which 
appear  tu  be  less  important  are  studied  in  less  detail. 

a.  Victory  and  Force  Ratio 

Table  Xla  gives  the  number  of  battles  won  by  side  and  by 
numerical  superiority  or  inferiority  (i.e. ,  force  ratio).  Table  Xlb 
shows  the  same  inforznation  as  a  percentage  of  the  bottom  row.  Applying 
the  Chi-square  test  for  independence  in  continguency  tables  (using  Yates's 
correction),  we  find  a  value  for  Chi-square  of  0.  35  at  one  (1)  degree  of 
freedom.  This  value  would  be  exceeded  in  random  sampling  more  than 
50%  of  the  time,  so  the  data  of  Table  Xla  is  consistent  with  the  hypothe¬ 
sis  that  victory  is  not  dependent  on  numerical  superiority. 

It  might  be  objected  that  grouping  battles  with  both  a  small 
and  a  large  degree  of  numerical  superiorly,  as  is  done  in  Table  Xla, 
might  tend  to  mask  the  effect  of  force  ratio  on  victory.  In  em  attempt  to 
reduce  any  such  mosklag  effect,  values  of  force  ratio  were  chosen  so  as 
to  divide  the  92  battles  into  three  approximately  equal  groups,  as  indi¬ 
cated  in  Table  XII,  The  Chi-square  value  computed  from  Table  XII  is 
3.  56  at  2  degrees  of  freedom,  which  would  be  exceeded  by  random  sam¬ 
ples  less  than  25%,  but  more  than  10%,  of  the  time.  In  this  case,  as 
formerly,  the  data  are  consistent  with  the  hypothesis  that  victory  is  in- 
liepenilent  of  numerical  superiority. 
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it  may  still  be  objected  that  the  force  ratio  values  are  not 
extreme  enough  to  adequately  determine  whether  the  aought-for  effect  is 
present  or  absent.  In  this  connection,  a  2-to-i  munerical  superiority  is 
often  mentioned  as  critical.  Of  the  92  battles,  12  have  a  force  ratio  of 
2.  000  or  greater.  The  defender  is  credited  with  the  victory  in  6  of  these 
battles,  the  attac.ker  is  credited  with  the  victory  in  the  remaining  6  bat¬ 
tles.  Of  the  92  battles,  5  have  a  force  ratio  of  0. 500  or  less.  The  de¬ 
fender  is  credited  with  victoiy  in  3,  the  attacker  in  2,  of  these  battles. 

These  results  do  not  necessarily  mean  that  force  ratio  and 
victory  are  entirely  unrelated,  but  they  do  indicate  that,  any  such  sup¬ 
posed  relation  is  too  weak  and  tenuous  to  be  detected  in  the  data  under 
analysis,  where  by  "detected"  we  mean  'HUstioguished,  beyond  reason¬ 
able  doubt,  from  a  chance  or  accidental  effect. " 

b.  Activity  Ratio  and  Force  Ratio 

ifigure  ?  shows  a  linear*’  scatter  diagram  of  activity  ratio, 
D/A,  against  force  ratio,  /  y^.  Note  that  the  data  points  appear  to 
scatter  more  widely  for  greatei'  values  of  the  force  ratio  than  for  small 
values  of  force  ratio.  Before  statistical  analysis  is  attempted,  it  is 
desirable  (for  technical  reasons)  to  transform  the  data  (See  Ref.  13.)  in 
such  a  way  as  to  make  the  amount  of  scatter  more  nearly  uniform.  This 
can  be  illustrated  by  plotting  the  data  points  on  non-linear  graph  paper, 
as  shown  by  Figure  8,  which  presents  a  logarithmic  scatter  diagram  of 
activity  ratio  against  force  ratio.  An  approximate  straigfat-lino  Qt,  or 
trend  line,  to  the  data  is  also  indicated,  the  origin  of  which  will  be  ex¬ 
plained  below. 


It  will  be  convenient  when  discussing  figures  to  indicate  the  type 
of  graphical  scale  employed.  We  do  this  by  prefacing  the  description  of 
the  figure  by  an  appropriate  adjective.  Thus,  we  refer  to  linear  figures 
(linear  scale  for  each  coordinate  axis),  logarithmic  figures  (logarithmic 
'.'iio  fi>r  oa:  h  a,\is),  and  scmi-logunthmlc  figures  (linear  scale  on  one 
logarithmic  scale  on  the  other). 
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Note  that  the  activity  ratio  <defender  relative  to  attacker) 
tends  to  increase  with  force  ratio  (attacker  relative  to  defender).  In 
other  words,  the  more  the  attacking  side  outnumbers  the  defending  side 
the  lower  the  attackiug  side's  activity  relative  to  the  defending  side's 
activity . 

In  order  to  obtain  a  brief  quantitative  summary  of  tlie  activ¬ 
ity  ratio  trend  exhibited  by  Figure  8,  we  might  try  a  straight-line  fit. 
Algebraically,  such  an  attempt  takes  the  form: 

In  P/A)  »  b*  +  c*  In  (x^/y^) 

where  b*  and  c*  are  constants  to  be  determined,  from  the  data,  to  pro¬ 
vide  a  good  fit.  From  Equations  <3)  and  of  Section  11,  Method,  how¬ 
ever,  we  may  write: 

D/A 

Substituting  this  expression  for  the  activity  ratio  into  the  oquatlou  ex¬ 
pressing  the  straight-line  fit  and  solving  the  result  for  In  p  ,  we  find: 

In  M  »  b  ♦  c  la  (Xq/x^) 

where 

b  ■  b*/2 
c  •  {c*  -  2)/2 

In  other  words,  a  straight-line  fit  to  the  data  of  Figure  8  con  be  obtained 
from  a  straight-llnc  fit  to  a  logarithmic  scatter  diagram  of  pt  against 
force  ratio;  in  fact,  the  trend  line  of  Figure  8  was  obtained  in  Just  this 
way.  The  details  are  given  in  the  following  paragraph. 

c.  Defender  Relative  Advantage 

Because  of  its  importance,  we  give  in  this  section  a  fairly 
comprehensive  discussion  of  d'o  results  obtalru:d  for  the  relations  be¬ 
tween  the  advantage  parameter.  In  p  ,  and  oljher  parameters  of  interest. 
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Since  the  issue  was  raised  in  the  preceding  paragraph,  we  first  examine 
tlie  relation  of  advantage  to  force  ratio. 


(1)  Advantage  and  Force  Ratio 

Figure  9  exhibits  a  logarithmic  scatter  diagram  of  p 
against  force  ratio,  together  with  the  regression  line  of  advantage.  In  p  , 
on  logarithmic  force  ratio,  In  Table  Xlil  displays  the  detailed 

results  of  the  regression  of  In  p  on  In  These  results  show 

that  defender's  advantage,  beyond  reasonable  doubt,  tends  to  decrease 
with  increasing  (attacker's)  force  ratio  (since,  for  example,  a  degree  of 
correlation  numerically  as  large  as  that  in  Table  Xin  would  arise,  if 
chance  alone  were  operating,  considerably  less  than  one  percent  of  the 
time). 

Note  that  the  values  of  In  ^q/Vq)  used  in  the  regres-> 
Sion  analysis  include  a  "measurement  error”  (as  shown  in  Appendix  B> 
as  well  as  an  "Inherent  variability.  '*  (See  Ref.  13  for  definitions. )  The 
regression  technique  used  to  analyze  the  data  does  not  rigorously  take 
into  account  the  influence  of  these  measurement  error  but  assume?  that 
the  values  of  logarithmic  force  ratio,  in  (x^/yQ),  reflect  only  inherent 
variability.  No  attempt  has  been  made  to  examine  the  amount  of  error 
introduced  by  neglecting  the  effects  of  these  measurement  errors  (e.  g. , 
by  comparing  the  results  given  in  this  report  with  results  obtained  using 
more  sophisticated  analysis  techniques)  either  here  or  in  the  following, 
partly  because  of  lack  of  time  and  partly  because  the  author  feels  that 
the  approximate  analysis  methods  do  not  lead  to  serious  errors. 

The  analysis  technique  is  predicated  on  the  linearity 
ol  the  regression  function  and  on  a  normal  distribution  of  the  data  about 


'“"Regression  line"  is  the  technical  term  for  the  expressions 
"<  .-..n  :  "si  -litH'  fit"  used  earlier.  From  now  on  wo  will 

ubo  tile  more  explicit  technical  terminology.  (See  Ref.  13  for  a  discur- 
.sion  of  regression  a.nalysis  techniques  and  interpretation.) 
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the  regression  line  <as  well  as  precisely  known  abcissa  values  for  the 
data  points).  ’  ^  In  order  to  investigate  the  degree  to  which  these  assump- 
tions  of  linearity  and  normality  are  satisfied,  we  introduce  the  concept 
of  residual  advantage,  which  is  the  deviation  of  a  data  point  from  the 
estimated,  or  sample  regression  line  and  may  be  analytically  expressed 
as: 

Residual  Advantage  »  In  p  -  b  -  c  In  (x^/  y^) 

where  b  and  c  are  the  estimated  regression  coefficients.  (See  Table 
Xin. )  In  other  words,  the  residual  advantage  is  that  portion  of  Uie  de¬ 
fender's  relative  advantage  which  remains  after  the  average  effect  of 
force  ratio  is  eliminated.  As  such,  the  residual  advantage  provides  an 
index  of  the  absolute  amount  of  defender's  relative  advantage,  where  by 
"absolute"  we  mean  that  the  "contaminating"  effect  of  force  ratio  has 
been  (approximately)  eliminated.  Thus,  residual  advantage  presumably 
arises  from  factors  other  than  those  directly  dependent  on  force  ratio. 

It  might  be  supposed  that  the  residual  advantage  reflects  the  Impact  of 
advancing  weapon  technology;  of  superior  organization,  training,  or  ex¬ 
perience;  of  relative  tactical  skill  and  similar  factors  In  addition  to 
accident  and  luck.  We  will  attempt  to  examine  some  of  the  factors  af¬ 
fecting  residual  advantage  after  discussing  the  linearity  and  uormallty 
assumptions. 

Figure  10  shows  the  observed  cumulative  distribution 
of  residual  advantage  together  with  a  theoretical  normal  distribution. 
Table  XIV  shows  the  theoretical  and  observed  frequency  of  battles  with 
various  residual  advantages.  Grouping  as  indicated  in  Table  XIV,  we 
find  a  value  for  Chi-square  of  9. 90  at  5  degrees  of  freedom.  This  poor 


‘’It  is  known,  however,  that  regression  techniques  do  not  usually 
lead  to  serious  errors  when  the  distribution  of  the  data  about  the  regres¬ 
sion  line  exhibits  a  moderate  deviation  from  normality. 
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a  fit  could  be  expected  to  arise  by  chance  alone  about  8%  of  the  time,  so 
the  data  is  consistent  with  the  hypothesis  that  residual  advantage  is  nor¬ 
mally  distributed. 

Reference  13  suggests  using  a  run  test  as  a  rough  check 
on  linearity.  This  involves,  for  the  case  in  hand,  considering  the  se¬ 
quence  of  signs  of  the  residual  advantage  values  in  order  of  increasing 
force  ratio.  If  the  "true"  population)  regression  curve  is  non¬ 

linear,  the  number  of  runs  in  this  sequence  of  signs  usually  tends  to  be 
less  than  if  it  were  linear.  A  count  shows  that  42  of  the  data  points  lie 
above,  and  50  below,  the  sample  regression  line,  and  that  4P  runs  occur 
in  the  sample  of  92  residual  advantage  values  (i&  order  of  increasing 
force  ratio).  Chance  fluctuations  about  a  linear  regression  curve  would 
produce  fewer  than  46  runs  much  more  than  5%  of  the  time,  so  the  data 
is  consistent  with  the  hypothesis  of  a  linear  population  regression  curve. 

Despite  this  test  for  linearity,  however,  Uie  semi- 
logarlthmic  scatter  diagram  of  residual  advantage  against  force  ratio 
given  by  Figure  11  appears  to  show  a  tendency  for  residual  advantage  to 
mcrease  with  increasing  force  ratio  below  a  force  ratio  of  about  1.  3, 
and  to  decrease  with  increasing  force  ratio  above  1. 3.  On  the  other 
hand,  a  reversal  in  the  sign  of  residual  advantage  for  4  or  5  deliberately 
selected  data  points  could  easily  change  the  entire  appearance  of  the 
scatter  diagram  and  cause  the  supposed  non-linear  effect  to  vanish.  It 
should  be  noted  that  a  reversal  in  sign  corresponds  to  interchanging 
attacker  and  defender  identifications,  and  that  improper  identifications 
may  occur. 

Considering  the  facts  developed  aliove,  the  author  con¬ 
cludes  that  neither  non-linearity  nor  non-norraality  hypotheses  are  ade¬ 
quately  supported  by  the  data  considered  in  this  report,  and  that  the 
linearity  and  normality  hypotheses  should  be  tentatively  adopted  pendir.g 
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(2>  Adv- Jitage  and  Rittemeaa 

FiS'ire  .V'^  shows  a  logarithmic  scatter  diagram  of  bit¬ 
terness,  '  ,  against  n  ,  No  trend  is  discernible  by  eye.  Nevertheless, 
a  regression  analysis  of  the  data  was  performed  in  order  to  see  whether 
any  t.''jnd  lAight  be  detected  by  quantitative  analysis,  the  results  of  which 
are  presented  in  Table  XV.  The  data  are  consistent  with  the  hypothesis 
that  logarithmic  bitU  oness  is  not  correlated  with  advantage  (and  since 
both  variables  are  approximately  normal,  the  data  is  also  consistent 
with  the  hypothesis  that  bitterness  and  advantage  are  statistically  Inde¬ 
pendent  of  each  other),  since,  for  example,  a  degree  of  correlation 
larjei  th'ui  that  of  Ttd)le  XV  would  arise  frvom  the  action  of  chance  alone 
much  more  than  5%  of  the  time. 

Since  the  advantage.  In  /t  ,  is  not  correlated  with  loga- 
Nthmic  bitterness,  e  ,  it  is  not  likely  to  be  correlated  with  either  the 
total  casualty  fraction,  F,  or  the  surviving  fractions,  a  and  d.  If  the 
advantage  is  aiso  not.  correlated 'with  battle  duration,  t,  then  it  is  also 
not  likely  to  be  correlated  with  intensity.  A, ,  since  A  »  €  /t . 

(31  Advantage  and  Battle  Duration 

Figure  13  shows  a  logarithmic  scatter  diagram  of  p  , 
agamst  battle  duration,  t .  Although  no  trend  Is  discernible  to  the  eye, 
a  regression  analysis  of  this  data  was  performed,  the  results  of  which 
are  given  in  Table  XVI.  The  analytical  results  are  consistent  with  the 
hypothesis  that  adva'^'age  is  not  correlated  with  logarithmic  battle  dura¬ 
tion. 

As  noted  above,  when  taken  with  other  results  this  sug¬ 
gests  tnat  advantage  is  not  correlated  with  intensity,  A  .  This  suggestion 
is  iK>t  investigated  in  detail. 

(4)  Residual  Advantage  and  Various  Other  Parameters 

i.  Bitterness 
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Figure  14  gives  a  semi 'logarithmic  scatter  dia¬ 
gram  of  residual  advantage  against  bitterness,  c  .  No  correlation  is 
apparent  to  the  eye. 

il.  Total  Force 

Figure  15  gives  a  seml-logarlthmlc  scatter  dia¬ 
gram  of  residual  advantage  against  total  force,  X .  No  correlation  is 
apparent  to  the  eye. 

iii.  Total  Casualties 

Figure  Id  gives  a  semi -logarithmic  scatter  dia¬ 
gram  of  residual  advantage  against  total  casualties,  C .  No  correlation 
is  apparent  to  the  eye. 

None  of  the  above  cases  have  been  subjected  to 
formal  statistical  analysis,  principally  because  the  results  seem  to  be 
predictable  from  simple  Inspection  of  the  scatter  diagrams. 

(5)  Residual  Advantage  and  Battle  Date 

Figure  17  shows  a  linear  scatter  diagram  of  residual 
advantage  against  battle  date.  Although  no  consistent  trend  is  apparent, 
the  battles  occurring  between  1757  and  1760  appear  to  exhibit  a  tendency 
to  greater  uttacker  superiority  than  would  be  expected.  For  example, 

9  of  these  11  battles  have  a  negative  reoidual  advantage.  If  population 
residual  advantage  is  assumed  to  be  symmetrically  distributed  about 
zero  residual  advantage,  then  chance  alone  would  produce  a  result  like 
the  one  observed  <i.  e. ,  2  battles  out  of  11  with  one  sign  of  residual  ad¬ 
vantage  and  9  with  the  opposite  sign)  about  5. 4%  of  the  time. 

A  better  analysis  is  obtained  if  Student's  t  test  (See 
Ref.  13.)  is  used  to  compare  the  mean  residual  advantage  of  the  11 


Footnote  on  bottom  of  ne.\t  page. 


butt4.ci;  in  question  with  that  of  the  other  31  battles  in  the  sample.  The 
valuc^C^Stiulcnt's  t  obtained  Is  about  2.  22  at  90  degrees  of  freedom.  A 
more  extri^nje  value  of  Student's  t  would  arise,  by  chance  alone,  only 
about  3%  of  thc'time.  so  the  data  are  not  consistent  with  the  hypothesis 
tliat  mean  residual  advantage  for  these  11  battles  is  the  same  au  that  for 
the  other  81  bat  'es. 


i^owever^^e  author  Is  inclined  to  reject  the  implica¬ 
tion  that  non- random  factors  affWq^  the  outcome  of  the  11  battles,  even 
though  the  consequence  of  such  rejeaion  Involves  accepting  the  proposi¬ 
tion  that  between  1757  and  1760  the  attacking  side  enjoyed  a  run  of  good 
luck  so  remarkable  that  a  greater  deviation  from  average  conditions 
would  occur  only  about  S%  of  the  time.  Cei'tainty,  the  data  of  Figure  17 
give  no  indication  that  either  the  attacking  or  defending  side  has  been 
able  to  consistently  turn  any  supposed  non- random  factors  to  Its  advan¬ 
tage,  the  period  between  1757  and  1760  being  excepted.  The  author  finds 
belief  in  such  a  short-lived  and  unduplicated  set  of  non- random  factors 
favoring  one  aide  or  the  other  at  least  as  repugnant  as  belief  in  an 
extraordinary  series  of  accidents. 


*®One  way  of  demonstrating  this  is  as  follows: 

The  probability  that  a  particular  battle  will  have  a  given  sign  of 
residual  advantage  Is  The  probability  that  9  of  11  battles  will  have  a 
given  sign  of  residual  advanta^  and  the  other  2  the  opposite  sign  is: 

But  the  given  sign  for  the  9  battles  may  be  independently  chosen  m  two 
possible  ways.  Thus,  the  probability  of  9  battles  of  one  (unspecified) 
sign  and  2  of  U'.o  opposite  sign  out  of  11  battles  is: 

3  0.0536 

u.;  J  NM-  iui\  c  oblajncvl  i.lic  desired  result. 
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(6)  Residual  Advantage,  Data  Errors,  and  Unexplained 

Variability 

Since  all  attempts  to  date  to  find  correlations  between 
advantage  and  other  parameters  have  been  unsuccessful,  with  the  excep¬ 
tion  of  that  with  force  ratio  and  perhaps  (in  a  very  limited  sense)  with 
battle  date,  it  is  necessary  to  determine  whether  it  is  likely  that  any  such 
correlations  exist,  and  how  important  they  might  be.  We  consider  the 
first  of  these  problems  in  this  section,  and  the  second  problem  in  the 
next  section.  . 

We  begin  by  considering  the  amount  of  variability  In 
the  advantage  parameter  and  our  current  understanding  of  this  variabil¬ 
ity.  (Clearly,  If  we  could  explain  or  somehow  account  for  all  of  the 
variability  In  advantage,  then  our  understanding  of  the  advantage  param¬ 
eter  would  be  essentially  complete,  in  the  sense  that  we  would  have  ob¬ 
tained  all  the  information  contained  in  the  sample,  except  for  that 
masked  by  data  Inaccuracies.)  In  order  to  deal  in  quantitative  terms, 
the  amount  of  variability  will  be  measured  by  the  variance  (i,  e. ,  square 
of  the  standard  deviation  —  see  Reference  13)  of  the  appropriate  param¬ 
eter.  *  * 


From  Table  xni  we  find  that  the  total  sample  variance 

of  advantage  Is  0.122.  The  variance  remaining  after  the  "contaminating" 

effects  of  force  ratio  are  eliminated  Is  the  same  as  the  variance  of  re- 

2 

sidual  advantage  (and  also  the  same  as  & 

The  difference  between  these  variances,  0. 034,  It  is  the  amount  of  ad¬ 
vantage  variance  v«dtich  is  attributable  to  force  ratio.  In  other  words, 
the  regression  of  advantage  on  logariUimic  force  ratio  accounts  for  a 


This  is  often  done  In  statistical  work.  The  variance  Is  better 
suited  than  the  .sUmdard  devlatlnr.  to  proi)lem.s  like  those  cr>n.!i.)tTi'il  in 
;  3  section  (c.g.  ,  vananoes  may  be  combined  by  simple  addition  or 

sutiiraction  while  st.indard  deviations  cannot). 
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vai-Kince  of  0.  034  out  of  a  total  of  0. 122,  or  about  27.9%  of  tho  advantage 
variance. 

A  part  of  the  advantage  variance  is  caused  by  inaucu- 
racios  in  the  strength  and  casualty  data.  The  amount  of  advantage  vari¬ 
ance  attributable  to  data  inaccuracies  Is  estimated  in  Appendix  to  be 
about  0.  034. 

We  now  consider  whether  the  hypothesis,  that  popula¬ 
tion  residual  advantage  variance  is  equal  to  population  data  inaccuracy 
variance,  is  supported  by  the  data.  Application  of  the  F  test  for  com¬ 
paring  variances,  taking  sample  residual  advantage  variance  (90  degrees 
of  freedom),  divided  by  sample  data  inaccuracy  variance  (19  degrees  of 
freedom)  produces  an  F  value  of  2. 59  at  90  and  19  degrees  of  freedom. 

If  the  hypothesis  of  equal  population  variances  wore  correct,  this  large 
an  F-value  would  occur  by  chance  alone  only  a  little  more  than  1%  of  the 
time,  so  the  data  are  not  consistent  with  the  hypothesis.  In  other  words, 
even  after  removing  the  "oontaminating"  effects  of  force  ratio,  more 
variability  of  advantage  remains  than  can  reasonably  be  ascribed  to  data 
inaccuracies.  (Note,  however,  that  this  procedure  assumes  that  tho 
estimate  of  data  Inaccuracy  variance  obtained  in  Appendix  B  Is  adequate 
and  that  it  may  bo  validly  extrapolated  to  cover  data  Inaccuracies  for 
other  battles  and  other  sources  than  those  specifically  consldored  in 
Appendix  B.  It  would  be  desirable  to  check  those  assumptions  against 
additional  data. ) 

Subtracting  from  advantage  variance  the  variability 
explained  by  correlation  with  force  ratio  and  also  the  estimated 


This  estimate  uses  some  of  the  same  data  as  is  used  In  estimating 
total  sample  advantage  variance,  eo  the  two  estimated  are  not  strictly 
independent  in  the  statistical  sense.  However,  since  the  author  believes 
that  only  negligible  errors  result  from  treating  those  estimates  as  though 
thev  were  indcpen'lcnt,  niid  sirec  ho  doing  const  loraiily  sli.iplifios  thi- 
liiey  are  treated  as  independent  in  the  following  discussion. 
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variability  caused  by  data  inaccuracies  leaves  on  unexplained  variance  of 
0.  054.  or  about  ‘14.  2%  of  the  total  variance  in  advantage.  Our  current 
understanding  of  the  variability  in  the  advantage  parameter  may  be  aum> 
marized  as  follows:  about  28%  of  the  variability  is  aocounted  for  by  the 
correlation  of  advantage  and  force  ratio,  an  estimated  additional  28%  is 
accounted  for  by  data  inaccuracy,  and  an  estimated  44%  is  at  present  un¬ 
explained.  In  the  following  paragraphs,  some  of  the  not  as  yet  i\illy  In¬ 
vestigated  factors  which  might  contribute  to  this  unexplained  44%  of  total 
variance  in  advantage  are  examined  to  provide  guidance  for  further  study. 

i.  The  fact  that  the  11  battles  discussed  in  a 
previous  paragraph  deviate  notlcably  from  the  average  bos  on  effect  on 
the  variance  of  residual  advantage,  but  the  effect  Is  small.  By  dreppirg 
the  residual  advanuge  values  of  these  11  battles  from  consideration,  the 
author  estimated  a  residual  advantage  variance  (based  on  the  remaining 
81  battles^  of  .^ut  0. 083,  while  the  value  computed  for  all  92  battles  is 
c.  088.  In  principle,  new  values  for  the  regressioa  coefucients  should 
have  been  computed  and  a  new  residual  advantage  variance  about  this  re¬ 
gression  line  should  have  been  obtained,  all  based  on  81  battles,  Actu¬ 
ally,  the  simpler  procedure  of  using  the  old  regression  coefficients  and 
residual  advantages  with  respect  to  vhe  old  regression  line  was  used,  be¬ 
cause  the  resulting  error  for  the  situation  in  hand  is  negligible. 

il.  Presumably  a  part  of  the  variability  in  advan¬ 
tage  results  from  the  gross  treatment  of  reinforcement  and  r.on-battlo 
losses.  Even  if  insufficient  historical  data  are  available  to  support  a  de¬ 
tailed  analysis,  some  feel  for  the  effects  of  those  factors  might  be  gained 
by  generating  artificial  or  synthetic  data  from  a  general  Lonchester-iype 
mi^ii  1  wiUi  a  variable  reinforcement/ non-baltle-losa  term,  and  then 
using  this  synthetic  data  to  calculate  the  advantage  (and  other  parameters) 
on  the  basis  of  the  square- law  model  as  outlined  in  Section  U,  Method. 

It  might  be  possible  to  devise  (at  ie.asi  for  special  caees)  an  analytical 
« xprc-i.-iion  relating  the  par.ameters  of  the  square-law  motlel  to  thosu  ot 
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the  general  model  and  thereby  reduce  the  computational  effort  required. 
The  author  has  not  yet  attempted  any  work  along  the  above  lines,  but  is 
currently  of  the  opinion  that  in  many  cases  the  effect  will  be  small.  (For 
e.vample.  compare  the  parameters  in  Table  U  for  the  battle  of  Iwo  Jima 
with  those  obtained  in  Inference  9. )  If  the  effects  should  turn  out  to  be 
large  enough  to  account  for  residual  advantage  variance,  less  data  inac¬ 
curacy  variance,  then  use  of  square-law  model  should  be  reconsidered. 

iii.  Note  that  a  part  cf  the  unexplained  44%  of  total 
variability  in  advantage  is  almost  certain  to  be  caused  by  random  and 
unforseeable  events,  i.  e. ,  by  the  operation  of  chance  and  luck.  The 
author  is  not  able  at  present  to  form  any  clear  conception  of  the  amount 
of  variability  which  mig^  reasonably  be  interpreted  as  occasioned  by 
random  factors,  but  is  reluctant  to  assume  that  all  of  the  unexplained 
44%  is  due  to  the  operation  of  chance  and  luck  until  many  more  attempts 
to  determine  causative  factors  have  been  made  and  found  to  be  unaccept¬ 
able  as  explanations. 

iv.  In  an  effort. to  determine  whether  non- 
quantitative  causative  factors  might  g^ve  rise  to  some  of  the  unexplained 
variance  of  advantage,  narrative  accounts  of  eight  battles  with  the  most 
extreme  values  of  residua!  advantage  were  selected  for  further  study  — 
four  battles  for  the  most  extreme  residual  advantage  favoring  the  attack¬ 
ing  side  and  four  favoring  the  defending  side.  In  order  of  descending 
value  of  residual  advantage,  these  eight  battles  are  Palo  Alto  (0. 662),  ^  * 
Lisaine  (0.601),  Tschernaja  (0.577),  Plevna  (0.  ol4>,  Cerro  Gk>rdo 

(-  0  569),  Mortara  (-  0.583),  Rossbach  (-  0.821),  and  Contreras 
(-  1.  064).  The  narrative  accounts  for  these  battles  are  contained  in 
Appendix  C,  more  than  one  narrative  for  each  battle  being  included  when¬ 
ever  available  from  the  sources  consulted.  No  pretense  of  completeness 


'  ’  Numbers  in  parcnthesi.s  give  the  value  of  residual  advantage. 
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is  made,  and  time  was  not  available  for  a  wider  search  for  narrative 
accounts.  Unfoi'tunately,  little  can  be  gained  from  such  a  small  number 
of  narratives,  some  of  which  are  very  sketchy  (descriptions  of  events 
immediately  preceediog  the  battle,  to  include  the  grand  tactical  situation 
and  information  bearing  on  the  condition  of  the  troops  on  each  side,  are 
given  in  some  of  the  sources,  although  this  material  is  not  included  in 
Appendix  C).  Ihere  seems  to  be  a  suggestion  that  (1)  extreme  negative 
residual  advantage  values  are  associated  with  success  by  the  attacking 
side  in  achieving  surprise,  accompanied  by  a  successful  envelopment, 
and  (2)  extreme  positive  residual  advantage  values  are  associated  with 
failure  of  the  attackii^  side  to  achieve  surprise,  accompanied  by  an  un¬ 
successful  enveloping  maneuver.  It  would  be  interesting  to  pursue  these 
speculations,  but  that  pursuit  will  be  deferred  to  another  time. 

(7)  Residual  Advantage  and  Victory 

The  importance,  la  terms  of  its  Influesce  oa  victory  in 
battle,  of  the  unexplained  variance  in  advantage  will  now  be  considered. 

In  previous  sections  the  relation  between  advantage  and  victory  has  been 
investigated  (See  pp.  24  -  26.)  The  principal  results  of  that  investigation 
are  contained  in  Tables  Ill,  IV,  and  V.  In  order  to  determine  the  import 
tance  of  the  unexplained  variance  in  advantage,  similar  tables  have  been 
prepared  using  residual  advantage.  This  results  in  Tables  XVn,  XVIII, 
and  XIX. 

From  Table  XVIIa  we  see  that  residual  advantage  fol¬ 
lows  the  victor  In  65,  or  70. 6%  of  the  92  battles  and  does  not  follow  the 
victor  in  27,  or  29. 4%  of  the  battles.**  To  test  the  observed  data  against 
chance,  we  use  the  Chi-square  test  as  before,  applying  Yates's  cors  ection 
and  conauJering  Table  XVUa  as  a  2  x  2  contingency  table.  This  yields 
a  Chi-square  of  14. 06  of  1  degree  of  freedom,  a  value  which  would  be 


’ ^AUv.inUigf^  follows  the  victor  in  73.  9%  of  the  battles. 
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exceeded  less  than  ^  of  one  percent  of  the  time  if  chance  were  the  only 
factor  affecting  the  data. 

Table  XVm  gives  a  list  of  residual  advantage  values 
in  order  of  increasing  (algebraic)  value,  together  with  the  corresponding 
victorious  side. 

From  Table  XOCa  we  see  that,  for  values  of  residual 
advantage  numerically  greater  than  0. 2.  the  residual  advantage  follows 
the  victor  in  32  (78%)  of  41  battles  and  does  not  follow  the  victor  in  9 
(22%)  of  41  battles.  Treating  Table  XDCa  as  a  2  x  3  contingency  table, 
we  compute  a  Chi-square  value  of  16.  06  with  2  degrees  of  freedom.  A 
larger  value  for  Chi-square  would  arise  by  chance  alone  less  than  ^  of 
one  percent  of  the  time. 

In  view  of  the  immediately  preceeding  results  it  is 
evident  that  the  principal  determinants  of  victory  are  contained  in  resid¬ 
ual  advantage.  This  is  consistent  with  the  earlier  findings  to  the  effect 
(1)  that  the  data  was  consistent  with  the  hypothesis  that  victory  was  not 
correlated  with  force  ratio,  and  (2)  that  the  advantage  parameter  is  be¬ 
yond  reasonable  doubt  correlated  with  force  ratio.  We  conclude  that  am 
elucidation  of  the  factors  contributing  to  the  variability  of  residual  ad¬ 
vantage  are  critically  important  to  an  understanding  of  the  causes  of 
victory  in  battle.  The  negative  findings  in  the  foregoing  Sections  now 
take  on  an  enhanced  importance,  for  they  mark  off  areas  which  offer 
little  promise  of  contributing  significantly  to  an  understanding  of  the 
cau&es  of  victoiy  in  battle. 

d.  The  Effects  of  Battle  Date 

The  relation  between  battle  date  and  residual  advantage  has 
been  examined  in  previous  parr.graphs.  The  relation  between  battle  date 
and  some  of  the  other  parameters  will  be  considered  in  this  section. 
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(1>  Force  Ratio  and  Battle  Date 


Figure  18  gives  a  linear  scatter  diagram  oi  logarithmic 
force  ratio  against  battle  date.  No  correlauon  is  apparent  to  the  eye. 

(2)  Duration  and  Battle  Date 

Figure  19  givep  a  semi-logarithmic  scatter  diagram  of 
duration  in  hours  agaioat  battle  date.  The  most  remarkable  feature  of 
this  scatter  diagram  is  the  increase  in  duration  of  World  War  0  battles 
over  that  of  earlier  battles.  There  may  also  be  a  tendency  for  duration 
to  gradually  increase  with  battle  date  between  1741  and  1877. 

(3)  Bitterness  and  Battle  Date 

Figure  20  shows  a  semi-logarithmic  scatter  diagram 
of  bitterness  €  ,  against  battle  date.  Bitterness  does  not  seem  to  show 
any  consistent  trend,  althoi^h  it  may  have  been  somewhat  lower  than 
average  in  the  decade  1840  -  1649  and  somewhat  higher  than  average 
during  World  War  II. 

In  this  connection,  it  is  interesting  to  note  one  of 
Richardson's  conclusions  (Ref.  10)  evoi  though  it  applies  to  a  historical 
sample  of  wars  rather  than  of  battles : 

"In  contrast  with  the  enormous  increase  in  deadlines 
from  the  sword  and  arrow  of  the  Middle  Ages  to  the  rifle  and  shell  of  the 
nineteenth  century,  it  may  be  said  that  the  percentage  of  casualties  has 
remained  relatively  constant.  The  explanation  presumably  is  that  human 
endurance  to  suffering  has  changed  nc.uch  less  than  weapons.  One  side 
admitted  defeat  when  it  could  not  bear  any  more  suffering.  The  chief 
form  of  suffering  was  casualties.  To  a  side  that  was  debating  wiUiin  it¬ 
self  whether  or  not  to  admit  defeat,  the  weapons  were  usually  of  only 
secondary  interest. " 
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(4)  Inteasity  and  Battle  Date 


Figure  21  gives  a  semi-logarithmic  scatter  diagram  of 
intensity,  A. ,  against  battle  date.  Despite  all  efforts  to  Improve  weapon 
design,  the  average  casualty-production  rate  per  man  per  day  e;cpre8sed 
by  intensity  seems  to  have  gradually  declined  between  1740  and  1S80  and 
to  have  been  markedly  lower  during  World  War  II  than  formerly.  This 
decline  in  intensity  may  be  due  in  part  to  an  increasing  proportion  of  non- 
combatant  support  personss!,  but  it  hardly  seems  likely  that  this  could 
cause  the  order  of  magnitude  decrease  found  for  the  World  War  U  battles. 
Besides,  the  motive  for  an  increased  proportion  of  support  personnel  is 
presumably  to  increase  the  average  combat  power  per  man  per  day  ex¬ 
pressed  1^'  the  activity  parameters  O  or,  as  the  case  may  be,  A.  Yet 
recalling  that  intensity  is  the  geometric  mean  of  A  and  D,  we  deduce 
from  Figure  21  that  the  activity  of  each  side  must  have  been  much  lower 
for  the  World  War  II  battles  than  formerly,  a  deduction  which  is  con¬ 
firmed  1^  an  inspection  of  Table  n.  Moreover,  a  conjecture  that  an  in¬ 
creased  proportion  of  combat  support  persocsel  has  led  to  a  declme  in 
intensity  appears  inconsistent  with  the  finding  that  bitterness  is  much 
less  sensitive  than  intensity  to  battle  date. 

6.  Bitterness,  Intensity,  and  Duration 

The  finding  that  duration,  t ,  and  intensity,  \  ,  vary  in  op¬ 
posite  senses  when  each  is  plotted  against  battle  date  suggests  that  there 
may  be  an  inverse  relation  between  intensity  and  duration.  We  will  e.\- 
plore  this  possibility  by  studying  the  relation  between  bitterness,  e  , 
and  duration,  t,  since  intensity,  A  >  e/t ,  is  determined  once  bitterness 
anu  duration  are  known. 

Figure  22  gives  a  logarithmic  scatter  diagram  of  bitterness, 
€  ,  against  duration,  t,  together  with  the  regression  line  of  logarithmic: 
bitterness.  In  e  ,  on  logarithmic  dui.iticn.  In  t.  Table  XX  gives  ibe  re¬ 
sults  of  the  regression  of  In  e  on  In  t. 
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(1)  Residual  Logarithmic  Bitterness,  Data  Errors,  and 

Unexplained  Variability 

From  Table  XX  we  find  that  the  total  sample  variance 

of  logarithmic  bitterness.  In  e  ,  is  0. 704.  The  variance  remaining  after 

the  regression  of  logarithmic  bitterness,  In  c  ,  on  logarithmic  duration, 

2 

In  t,  is  8  In  ^  I  In  t  “  difference  between  these  two  vari¬ 

ances,  0. 147,  is  the  amount  of  logarithmic  bitterness  variance  which  is 
attributable  to  the  effects  of  duration.  The  amount  of  logarithmic  bitter¬ 
ness  variance  attributable  to  data  inaccuracies  Is  estimated  in  Appendix 
’  to  be  about  0. 409.  We  now  consider  whether  the  l^ypothesis,  that 
population  residual  logarithmic  bitterness  variance  is  e^ual  to  population 
data  inaccuracy  variance,  is  supported  by  the  data.  Application  of  the 
F  test  for  comparing  variances,  taking  sample  residual  logarithmic 
bitterness  variance  (80  degrees  of  freedom)  divided  by  sample  data  in¬ 
accuracy  variance  (19  degrees  of  freedom),  producee  an  P  value  of 
1.  ;>62  at  80  and  19  degrees  of  freedom.  If  the  population  variances  were 
equal,  larger  F- values  would  arise,  by  the  action  of  chance  alone,  about 
24%  of  the  time,  so  the  data  are  consistent  with  the  hypothesis  of  equal 
population  variances.  In  other  words,  the  variability  in  logarithmic 
bitterness  which  is  not  accounted  for  by  regression  on  duration  may  rea¬ 
sonably  be  ascribed  to  inaccuracies  in  the  basic  data. 

In  view  of  the  above,  our  understanding  of  the  variability 
in  logarithmic  bitterness  may  be  summarized  as  follows:  of  a  total  vari¬ 
ance  of  0. 704  a  variance  of  0. 147,  or  21%,  is  accounted  for  by  the  corre¬ 
lation  of  logarithmic  bitterness  and  logarithmic  duration;  the  remaining 
variance  of  0  557,  or  79%  of  total  logarithmic  bitterness  variance,  may 
reasonably  be  ascribed  to  data  inaccuracies. 


^*See  footnote  22. 
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Table  XXI  shows  tlie  theoretical  frequency  of  battles 
for  various  ranges  of  residual  logarithmic  bitterness,  computed  on  the 
basis  of  theoretical  normal  distribution.  The  observed  frequency  of 
battles  is  shown  tor  comparison.  Application  of  the  Chi-square  goodness 
of-fit  test  to  these  data  (grouped  as  Indicated  in  the  last  two  columns  of 
Table  XXI)  yields  a  Chi-square  value  of  14. 00  at  7  degrees  of  freedom, 
a  value  which  would  be  exceeded,  by  chance  alone,  only  5%  of  the  time. 
On. this  basis,  the  data  do  not  appear  to  be  consistent  with  the  hypothesis 
that  residual  logarithmic  bitterness  is  normally  distributed.  Inspection 
of  Figure  23,  which  gives  the  observed  and  theoretical  cumulative  distri¬ 
bution  of  residual  logaiithmic  bitterness,  indicates  that  the  departure 
from  normality  arises  chiefly  from  a  greater  frequency  of  battles  wltSP^- 
extremely  low  values  of  residual  logarithmic  bitterness  than  would  be 
expected  from  the  theoretical  normal  distribution. 

In  an  attempt  to  isolate  the  battles  with  extraordinarily 
low  values  of  residual  logarithmic  bitterness,  the  author  has  prepared 
Figure  24,  which  is  a  linear  scatter  diagram  of  residual  logarithmic 
bitterness  against  battle  date.  Inspection  of  Figure  24  indicates  that 
sample  battles  with  unusually  low  values  of  residual  logarithmic  bitter¬ 
ness  tend  to  be  concentrated  in  the  decade  1840  -  1849.  Application  of 
Student's  t  test  on  the  difference  between  mean  residual  logarithmic 
bitterness  for  the  3  battles  in  the  decade  1840  -  1849  and  mean  residual 
logarithmic  bitterness  for  the  other  74  battles  for  which  duration  data  is 
available  yields  a  t  value  of  about  5.  27  at  80  degrees  of  freedom.  This 
t  value  would  be  exceeded  by  chance  alone  less  than  ^  of  one  percent 
of  the  time,  so  the  data  are  not  consistent  with  the  hypothesis  that  the 
corresponding  population  means  are  equal. 

The  variance  of  residual  logarithmic  bitterness,  esti¬ 
mated  on  the  basis  of  the  8  battles  in  decade  1840  -  184  9,  is  1.  143. 
AuplicaUon  ol  the  F  test  for  comparing  this  variance  estimate  with  the 
i-'stimated  variance  in  residual  logarithmic  bitterness  attributable  to 
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(laUi  inaccuracy  (See  Appendix  B.)  yields  an  F  value  of  1. 143/0.409  = 

2.  7  9  at  7  and  19  degrees  of  freedom,  which  would  be  exceeded,  by 
chance  alone,  only  about  3%  of  the  time.  Thus,  the  data  are  not  consist¬ 
ent  with  the  hypothesis  that  the  corresponding  population  variances  are 
equal.** 

The  author  is  not  sure  what  position  should  be  taken  on 
tlie  basis  of  the  facts  outlined  above.  The  possibilities  seem  to  be  as 
follows:  Either  (1)  there  is  a  real  difference  in  residual  logarithmic 
bitterness  for  the  sample  battles  which  occurred  m  the  1840  -  1849  dec¬ 
ade,  or  (2>  data  errors  for  these  battles  are  sigrlflcsmtly  greater  than 
for  the  other  sample  battles.  Considering  the  participants  engaged  in 
these  8  battles,  the  author  feels  that  the  latter  hypothesis  is  more  likely, 
and  will  assume  Its  validity  In  the  following  discussions,  otherwise  with- 
holdii^  final  Judgmeut  pending  the  analysis  of  additional  information. 

(2)  Intensity  and  Duration 

Figure  2S  gives  a  logarithmic  scatter  diagram  of  Inten¬ 
sity,  X ,  against  duration,  t.  Although  k  clearly  tends  to  decrease  with 
increasing  t,  presumably  the  causative  factor  here  is  intensity,  1.  e. ,  a 
battle  which  is  being  conducted  at  a  low  level  of  intensity  tends  to  require 
a  greater  battle  duration  before  a  decision  is  reached.  Taking  this  with 
the  fact  that  bitterness  (and  hence  total  casualty  fraction)  tends  to  in¬ 
crease  with  duration  sug^esle  that  greater  casualty  fractions  tend  to  be 
more  readily  withstood  when  the  casualties  occur  at  a  low  rate.  This 


**Thls  suggests  that  Sbident's  t  test,  as  used  in  the  preceding  para¬ 
graph,  is  not  strictly  applicable  (since  the  test  assumes  equality  of  popu¬ 
lation  variances).  The  author  has  not  estimated  the  amount  of  error 
introduced  into  this  aoplication  of  Student's  t  test  by  the  apparent  ine- 
(.uai-’y  01  popi'  iition  variances.  Noln  tlial  the  aun-normuhty  oi  rcdiu.uil 
logarithmic  bitter nos.s  probably  does  act  introduce  serious  errors  into 
the  regression  of  logarithmic  bitterness  on  logarithmic  duration,  (oee 
footnote  19.) 
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may  be  due  in  part  to  the  shook  effect  of  high  casualty  rates  and  in  part 
to  the  ability  to  rehabilitate  and  re-commit  forces  to  battle  when  the 
time  necessary  for  recovety  of  effectiveness  Is  available,  although  these 
speculations  con  at  present  be  considered  only  as  suggestions  for  further 
Investigation. 

f.  Total  Casualties  and  Total  Force 

Figure  26  presents  a  logarithmic  scatter  diagram  of  total 
casualties,  C,  against  total  force,  X.  Also  shown  for  comparison  is  the 
line  C  ■  0.  IS  X,  where  the  constant  0. 15  was  selected  to  agree  approx- 
Inaately  with  the  average  total  caaualty  fraction  (averaged  over  92  battles). 

With  the  exception  of  a  relatively  small  number  of  data 
points,  all  representing  fewer  casualties  than  average,  the  line 
C  =  0. 13  X  appeal's  to  be  a  reasonable  fit  to  the  data.  No  formal  statis¬ 
tical  evaluation  of  the  data  presented  in  Figure  26  has  as  yet  been  at¬ 
tempted.  For  an  informal  comparison  with  variability  attributable  to 
data  inaccuracy,  compare  Figure  26  with  the  analogous  scatter  diagram 
in  Appondlx  B. 

g.  Force  Ratio  and  Total  Force 

Figure  27  exhibits  a  logarithmic  scatter  diagram  of  force 
ratio,  against  total  force,  X.  Also  shown  for  comparison  is  the 

line  corresponding  to  the  average  logarithmic  force  ratio. 

No  trend  in  force  ratio  with  total  force  is  apparent  to  the 
eye  (this  data  has  not  been  formally  analyzed). 

h.  Duration,  Total  Force,  and  Force  Ratio 

Figure  28  shows  a  logarithmic  scatter  diagram  of  duration, 
t,  against  total  force,  X,  and  Figure  29  shows  a  logarithmic  scatter 
diagram  of  duraMoa  against  force  ratio,  x^/yj^.  These  data  have  not 
been  subjected  to  lorinal  analysis,  and  the  author  has  not  been  able  to 
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v.i  ri.i?  inv  sijrnificaju  conclusions  from  an  informal  inspection  of  these 
f*  Inures  • 

(Other  scatter  diagrams  which  involve  duration  and  which 
liave  been  discussed  in  previous  sections  are  displayed  in  Fl‘ture3  13, 

19,  22,  and  25.) 

i.  Participating  Nation  and  Victory 

It  has  been  argued  in  an  earlier  section  that  the  data  should 
not  be  interpreted  as  indicating  a  correlation  of  residual  advantage  with 
battle  date.  The  evidence  seems  to  the  author  to  indicate  that  neither 
the  attacking  nor  the  defending  aide  has  been  able  to  consistently  main¬ 
tain  an  advantage  over  the  other.  However,  even  if  the  above  arguments 
are  accepted,  no  evidence  ban  as  yet  been  presented  which  could  be  used 
to  indicate  whether  or  not  a  particular  nation  might  consistently  maintain 
an  advantage  over  its  oppouents.  Since  a  nation  may  participate  in  one 
battle  on  the  attacking  side,  in  another  on  the  defending  side,  etc. ,  any 
tactical  superiority  enjoyed  hy  that  nation  may  not  be  adequately  reflected 
in  arguments  based  solely  on  the  superiority  of  the  attacking  or  defending 
side. 

In  an  attempt  to  obtain  some  information  relevant  to  these 
Issues,  residual  advantage  data  was  arranged  to  represent  the  residual 
advantage  favorable  to  each  of  the  five  most  frequently  participating 
nations.  Figures  30-34  present  the  results  for  the  respective  nations 
in  the  form  of  linear  scatter  diagrams  of  residual  advantage  favorable  to 
each  nation  against  battle  date.  Since  residual  advantage  does  not  always 
follow  the  victor,  a  table  showing  victories  and  defeats  for  each  nation 

^^The  residual  advantage  favorable  to  a  nation  participating  in  a 
bnttle  on  the  defending  side  is  the  same  as  the  residual  advantage  defined 
:n  i',).  Jo  -  j.j  I  r  a  r.anon  p;ir.ii.’ipaung  on  the  atlucking  suto,  ii  is 
numerie.Uly  the  same  as  the  residual  advantage  previously  defintni  but 
taken  with  tlie  oppijsite  algebraic  sign. 
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and  side  was  also  prepared  and  is  presented  as  Table  XXII.  Table  XXIII 
exhibits  the  number  of  victories  for  each  participating  nation  as  a  frac¬ 
tion  of  th;U  nation's  total  participation  and  gives  approximate  95%  confi¬ 
dence  limits  for  the  probability  of  victory. 

It  must  be  remembered  in  interpreting  these  figures  and 
tables  that  the  information  given  for  a  particular  nation  is  not  independent 
of  that  given  for  other  nations,  since  e.g. ,  a  victory  by  Prussia  Is  simul¬ 
taneously  a  defeat  for  France,  Austria.  Russia,  or  some  other  nation, 
and  a  residual  advantage  favorable  ^ositive^  to  one  participating  nation 
is  unfavorable  (negative)  for  another.  It  must  also  be  remembered  that 
the  Identification  of  attacker  and  defender  is  subject  to  error  and  be¬ 
comes  rather  arbitrary  when  allied  forces  participate  on  one  or  both 
Bides. 

Since  the  circumstances  outlined  above  make  rigorous  sta¬ 
tistical  analysis  difficult  (and,  perhaps,  of  little  value  for  the  rather 
small  samples  involved),  no  formal  analysis  of  thsso  data,  other  than 
that  Involved  in  estimating  the  approximate  confidence  intervals  for 
probability  of  victory  given  in  Table  XXIII,  has  been  attempted.  Infor¬ 
mally,  it  aK>eara  that  no  one  nation  has  consistently  been  tactically 
superior  to  its  opponents.  For  example,  Table  XXin  appears  to  indicate 
that  the  data  are  consistent  with  the  hypothesis  that  the  probability  of 
victory  is  about  0. 50.  That  one  (1.  e. ,  a  little  more  than  6%)  of  the  16 
95%  confidence  intervals  listed  in  Table  XXQl  does  not  include  the  0. 50 
probablUty  value  may  be  of  no  significance,  since  5%  of  such  confidence 
intervals  will  exclude  the  true  probability  value  by  the  action  of  chance 
alone.  Bdoreover,  Figure  31  does  not  appear  to  support  the  hypothesis 
of  Prussian  or  German  tactical  superiority,  except  possibly  during  the 
decade  1660  -  1869. 
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i  Rfciipitulalion  of  Findings 

a.  For  the  range  of  total  casualty  fraction,  F,  values  repre- 
.'Sfnied  by  the  sample  of  92  battles  considered  In  this  study,  the  Lanches- 
ter  bitterness  parameter,  e  ,  is  a  good  index  of  total  casualty  fraction, 

b.  The  Lancheater  advantage  parameter.  In  p  ,  is  closely 
connected  with  probability  of  victory. 

c.  The  other  Lanchester  parameters  are  valid  Indices  of  the 
real-world  phccomena  identified  by  the  names  of  the  respective  parain- 
eters. 

d.  Logarithmic  force  ratio.  In  (x^/y^),  la  approximately  nor¬ 
mally  distributed  with  mean  0. 156  and  standard  deviation  0.  S12. 

e.  Advantage,  In  ft  ,  Is  approximately  normally  distributed 
with  mean  0. 057  and  standard  deviation  0. 350, 

f.  Logarithmic  bitterness.  In  ,  is  approximately  normally 
distributed  with  mean  -  2. 157  and  standard  deviation  0. 834. 

g.  There  may  be  a  tendency  for  the  victorous  side  to  have  a 
larger  and  less  variable  surviving  fraction,  a  or  d,  than  the  defeated 
side. 

h.  For  the  range  of  values  represented  in  thu  sample  battles, 
victory  is,  at  best,  only  wealtly  related  to  force  ratio,  Xq/Fq- 

I.  Logarithmic  activity  ratio,  in  <D/A),  tends  to  increase  with 
increasing  logarithmic  force  ratio,  in  (x^/y^^). 

J.  Advantage,  in  n  ,  tends  to  decrease  with  logarithmic  fo'-ce 
ratio,  inlx^/y^). 

k.  Advantage,  in  ,  and  logarithmic  bitterness,  In  e  ,  are 
un  correlated. 

l.  Advantage,  In  p  ,  and  logarithmic  duration,  in  l,  are  un¬ 


co  rr  elated. 


m.  Residual  advantage^*  and  logarithmic  bitterness,  In  (  , 
appear  lo  be  uucorrelated. 

n.  Residual  advantage  and  logarithmic  total  force,  In  X,  ap¬ 
pear  to  be  uncorreloted. 

0.  Residual  advantage  ana  logarithmic  total  casualties.  In  C, 
appear  to  bo  uncorrelated. 

p.  With  the  possible  exception  of  11  sample  battles  which  oc¬ 
curred  between  1757  and  1700,  average  residual  advantage  appears  to 
be  independent  of  battle  date. 

q.  Data  ioaccui'aoies  do  not  account  for  all  of  the  obsoived 
variability  in  residual  advantage. 

r.  Comparison  of  narrative  accounts  for  battles  with  unusually 
large  and  unusually  small  residual  advantage  suggests  that  surprise  ac¬ 
companied  by  a  successAil  enveloping  maneuver  may  be  highly  advanta¬ 
geous  to  an  attacker,  but  that  failure  to  achieve  surprise  and  to  execute 
an  enveloping  maneuver  may  bo  highly  disadvantageous  to  the  attacking 
side. 

8.  The  principal  determinants  of  victory  in  battle  are  contained 
in  the  residual  advantage  parameter. 

t.  Logarithmlo  force  ratio,  in  exhibits  no  tendency 

to  increase  or  decrease  with  batile  date. 

u.  Logarithmic  duration.  In  t,  appears  to  be  much  larger  for 
World  War  U  battles  than  formerly.  In  addition,  for  the  other  battles 


^‘Residual  advantage  is  the  difference  between  observed  advantage, 
In  n  ,  and  that  represented  by  tho  regreeslon  lino  of  advantage  on  loga¬ 
rithmic  force  ratio,  lo  (^^q/Vq)’  it  represents,  in  a  sense,  the  amount 

of  advnnUige  remp'ning  niter  the  "coatamtnalir.g"  effects  of  force  ratio 
have  been  climina"  d 
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conaidcrcti  in  Uiis  study,  ihoro  may  be  a  tendency  for  duration  to  grad¬ 
ually  inL'rease  with  battle  date. 

V.  Logaritbmlc  bitterness.  In  (  .  does  not  appear  to  show  any 
consistent  trend  with  respect  to  battle  date,  although  It  may  have  het-n 
somewhat  lower  than  average  for  sample  battlos  in  the  decade  1840  - 
1849  and  somewhat  higher  thou  average  for  World  War  II  sample  buttles. 

w.  Logarithmic  Intensity,  In  K  ,  appears  to  have  gradually 
declined  between  1740  and  1880  and  to  have  been  markedly  lower  during 
World  War  II  than  formerly.  The  activity  parameters.  A  and  D,  gener¬ 
ally  follow  the  same  trend  os  the  imenslty  parameter  does. 

X.  Logarithmic  bitterness,  in  e  ,  tends  to  increase  with  loga¬ 
rithmic  duration,  In  t. 

y.  Data  inaccuracies  are  large  enough  to  account  for  alt  of  the 
observed  varlabiUty  in  residual  logarithmic  bltteraoss.  *  * 

X.  Residual  logarithmic  bitterness  does  not  appear  to  be  nor¬ 
mally  distributed.  In  particular,  it  appears  that  the  sample  contains 
more  battles  with  small  values  of  residual  logarithmic  bitterness  than 
would  be  expected  on  the  basis  of  a  normal  distribution. 

aa.  During  the  decade  1840  -  49,  mean  residual  logarithmic 
bitterness  may  have  been  haver,  and  the  variability  In  residual  logarith¬ 
mic  blttemesB  greater,  than  for  the  other  battles  consldoreo  In  this 
study. 

ab.  Logarithmic  intensity.  In  A  ,  tends  to  decrease  with  in¬ 
creasing  logarithmic  duration,  in  t. 

^^Residual  logarithmic  bitterness  is  the  difference  between  observed 
logarithmic  bittemess,  In  f  ,  and  that  represented  by  the  regression  line 
of  logarithmic  bitterness  on  logarl'hmlc  duration.  In  t.  It  n>?.rfv,T!i . 

I  .T€  ,1.  <•,  ;.i-  o!  l»i,;jnLhmic  bjllt  rncbb  remaining  .Hler  the  "con¬ 

tain;  n.it.,ag"  c'.ccis  ol  .iu.-ation  have  been  eliminated. 


ac.  Logarithmic  total  casualties.  In  C,  tends  to  increase  with 
logaritlimic  total  force,  In  X. 

ad.  Logarithmic  force  ratio.  In  appears  to  be  uncor¬ 

related  with  logarithmic  total  force,  In  X. 

ae.  It  appears  that  no  one  nation  has  consistently  been  tactically 
superior  to  its  opponents. 


DISCUSSION 


Range  of  Applicability  of  the  Findings 

In  technical  terms,  what  is  to  be  tmderstood  here  is  the  problem  of 
identifying  the  population  from  which  tho  sample  battles  were  selected. 
As  noted  earlier,  this  is  a  difficult  problem.  The  author  will  state  his 
views  for  the  guidance  of  the  reader,  although  it  should  be  borne  in  mind 
that  interpretations  may  differ. 

In  general  terms,  the  author  feels  that  the  population  sampled  con¬ 
sists  of  the  large  (In  terms  of  number  of  troops  involved)  battles  wblcli 
occurred  under  reasonably  average  conditions  between  the  years  1740  - 
1950. 

Certain  features  of  the  sampling  prooes.!  oeserve  additional  discus¬ 
sion,  particularly  the  possibility  of  censoring  effects. 

1.  Censoring  may  act  to  eliminate  from  the  sample  battles  charac¬ 
terized  by  extremely  large  or  extremely  small  values  of  force  ratio,  as 
such  battles  would  not  normally  Le  considered  as  significant  from  tbo 
standpoint  of  the  whole  campaign.  Thus,  it  is  possible  that  more  such 
battles  actually  occurred  than  is  indicated  by  the  sample  data. 

2.  Battles  with  extremely  large  or  extremely  small  values  of  ad¬ 
vantage  may  be  less  well  documented  than  those  with  moderate  values  of 
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;h;\  .ir.Ui.’e.  Tills  would  lie  the  case  if  extreme  advantage  values  imply 
disorder,  confusion,  and  the  like  on  the  defeated  side. 

On  tlie  other  hand,  battles  with  extreme  advantage  values  are 
frequently  of  great  interest  to  the  military  scholar,  and  such  battles  may 
have  been  more  thoroughly  studied  than  those  with  moderate  advantage 
values.  The  combination  of  lack  of  dala  and  the  desire  for  definitive 
historical  analysis  could,  unfortunate'y,  result  in  sharply  conflicting 
battle  descriptions. 

3.  For  battles  with  extremely  Urge  bitterness  values,  the  destruc¬ 
tion  of  records  may  have  been  considerable.  If  this  actually  occur.'^d, 
then  data  for  battles  of  great  bitterness  could  be  less  reliable  than  fur 
battles  of  little  bitterness.  Intensity  may  also  affect  records  and  data 
reliability  is  this  manner. 

Whether  or  not  any  or  all  of  the  above  censorlqg  effects  are  in¬ 
volved  is  not  knowo  to  the  author.  A  more  extensive  survey  might  help 
to  solve  or  eliminate  some  of  the  problems  associated  with  ceitsoring 
and  its  effects. 

Unsolved  Problems 

1.  The  unexplained  variability  in  residual  advantage  is  a  problem 
that  has  been  earlier  discussed  in  great  detail.  It  is  a  problem  that  con¬ 
tinues  to  elude  our  grasp. 

2.  Another  unsolved  problem  is  that  of  battle  duration.  What  is  it 
that  terminates  a  battle?  Why  doesn't  the  defeated  side  fight  to  the  last 
man?  This  last  did  occur  on  occasion,  tliough  principally  in  circum¬ 
stances  where  either  no  retreat  was  possible  or  where  retreat  was  pos¬ 
sible  only  by  breaking  out  of  an  encirclement.  But  why  is  it  exceptional 
rather  than  common? 

The  author  has  no  ansv  r  ‘hese  quesl;on.s,  save  for  the 
railier  inefuctual  o'oservation  th*.  ,  presumably,  the  defeated  side  usually 


Ixus  better  things  to  do  than  merely  stand  and  fight.  This  observation,  in 
its  present  form,  does  not  permit  us  to  say  why  any  given  battle  lasted, 
e.  g. ,  6  hours  rather  than  3  hours  or  12  hours,  and  therefore  does  not 
represent  an  effective  solution  to  the  problem  of  predicting  battle  dura¬ 
tion. 

3.  Similarly,  we  know  very  little  about  what  determines  battle  in¬ 
tensity.  Nor  do  we  have  any  clue  to  the  causes  of  the  decline  of  baitle 
intensity  in  recent  times.  In  particular,  we  are  unable  to  say  whether 
the  introduction  of  tactical  nuclear  weapons  will  reverse  or  continue  the 
downward  trend  of  battle  Intensity.  To  the  extent  that  war  games  are  a 
reliable  imitation  of  combat,  they  may  provide  data  on  which  to  base  an 
answer  to  this  last  problem,  but  It  is  important  to  recognize  that  this, 
alone,  would  not  necessarily  improve  our  fundamental  understanding  of 
the  factors  affecting  intcasity. 

4.  Lastly,  there  is  the  problem  of  victory.  Advantage  Is  closely 
associated  with  victoiy,  but  advantage  does  not  always  follow  the  victor. 

It  is  not  clear  why  this  should  be,  nor  is  it  blear  what  factors  operate 
to  create  exceptions  to  the  general  trend. 

Findings  of  Value 

1.  Possibly  ^e  most  important  finding  obtained  to  date  is  that  of 

a  general  correspondence  l)etweea  the  theoretical  Lanchester  parameters 
and  real-world  phenomena,  since  in  the  absence  of  such  a  correspondence 
attempts  at  prediction  would  be  doomed  to  failure.  The  fact  of  such  cor¬ 
respondence  encourages  the  hope  that  fitting  the  theoretical  parameters 
to  past  data  will  provide  an  empirical  first  approximation  to  some  of  the 
essentially  important  aspects  of  ground  combat. 

2.  Possibly  the  second  most  important  finding  is  that  for  Lanches- 
tcr’s  squ.Lre-law  mouci  the  activity  ratio  and  the  advantage  paraii.-.u  ; 
depend  on  the  initial  force  ratio.  Formerly,  investigators  involved  vu'-h 
the  use  of  Lanchcster's  square-law  model  have  usually  assumed  that 
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aciivity  ratio  and  advantage  were  independent  of  force  ratio,  and  it  is 
now  clear  that  modifications  to  these  views  are  necessary. 

3.  Possibly  of  lesser  importance  are  the  findings  indicating  some 
of  the  factors  which  do  not  significantly  influence  the  advantage  param¬ 
eter;  since  these  findings  are  of  greatest  value  to  further  investigations. 

4.  Possibly  last  in  importance  are  the  miscellaneous  findings  of 
connections,  or  lack  of  connection,  among  various  other  parameters 
(e.  g. ,  the  connection  between  intensity  and  duration,  and  the  lack  of 
connection  between  force  ratio  and  total  force. )  Although  these  results 
are  often  interesting  and  sometimes  suggestive,  we  lack  a  unifying  theo¬ 
retical  foundation  which  would  place  these  elements  in  satisfying  per¬ 
spective. 

APPLICATIONS 


We  here  consider  the  question  whether  the  findings  in  their  present 
incomplete  and  tentative  form  can  be  put  to  use.  The  author  will  list 
some  areas  in  which  he  believes  that  immediate  application  would  be  of 
value. 

Applications  to  War  Gaming 

1.  The  findings  can  be  used  as  a  rough,  general  check  on  the  va¬ 
lidity  of  a  ground  combat  war  gome  by  computing  the  parameter  values 
from  game  results  and  comparing  them  with  the  parameter  values  esti¬ 
mated  from  the  historical  sample  battles. 

2.  Since  the  Lanchester  parameter  provide  a  useful  scheme  lor 
comparing  battles  conducted  under  different  conditions,  the  Lanchester 
model  and  the;  finding.^  of  this  study  could  be  of  considerable  value  to 
Uio.su  involved  m  l.he  analysis  of  ground  combat  war  game  results 
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3.  The  close  associaUon  between  the  theoretical  parameterii  and 
real-world  phenomena  suggests  thabthe  Lanchester  8quare>law  model, 
together  with  empirical  measures  of  the  variability  of  certain  parameters, 
can  provide  a  simple,  approximate,  aggregated  ground  combat  model  for 
war  games  which  em{diasize  command,  control,  communications,  or 
strategic  aspects  rather  than  detailed  combat  interactions. 

Provide  Guidance 

1.  The  findings  presented  in  this  study  can  provide  useful  back¬ 
ground  information  and  guidance' to  various  studies  of  Itirge-unit  ground 
combat,  and  can  serve  as  general  background  information  for  military 
planners  and  students  of  military  history. 

2.  From  one  point  of  view,  the  most  important  application  of  this 
8tud3'  is  as  a  point  of  departure  and  as  a  source  of  information  and  guid¬ 
ance  for  future  studies  and  theories  of  ground  combat. 
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CALCULATION  OF  fe 


FIRST  METHCH) 

We  use  Equation  (6)  as  a  point  of  v^oparturo,  writing  the  hyper¬ 
bolic  functions  in  tiSieir  eiqtonentitil  form  and  writing  g  *  for 
brevity.  Multiplying  both  equations  by  g  to  clear  fractlaaa,  we  obtain 
after  transposition  and  reduction  the  simultaneous  quadratic  equations : 

- 1)  2ag  -  (p  +  1)  -  0  <A-1) 

(|i“  1)  g^  ♦  2<!g  -  +  1)  =  0  (A-2) 

Dividing  Equation  (A-i)  by  @4  -  i)  and  Equatioa  (A“2>  by  $i  -  l)  and 
subtracting  the  results  yields 

/_2l_ - M  ),  0  (A-S) 

v  ->  V  >•  -  I  .-‘-1  / 


which  can  be  solved  for  g  as 

H  1  p  ~^  +  1 


g  *  - - 

2a  2d 


(A-4) 


Clo&riag  fractions  la  Equation  {A-4),  expanding  products  and 
regrouping  teroiti  yields 


g 


a  (n 


u 


d  ^ 


1) 


(A-5) 
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Multiplying  the  numerator  and  denominator  of  the  RHS  of  Equation 
(A-5)  by  n  and  factoring  yields 

=  ^  <A-6) 

a  +  d/i 

Takiiig  natural  logarithias  of  both  aides  of  Equation  (A-^)  and 
recalling  the  definition  of  g  yields 


which  i8  fee  desired  result. 


SECOND  METHOD 

We  again  start  from  Equation  (6)»  this  time  solving  equation  (6a) 
for  n  and  Eqization  (6b)  for  ft  We  obtain 


^  „  a  -  cosh  € 

ainh  € 

(A-8) 

-1  _  d  -  cosh  € 

(A-9) 

einh  € 


Eliminating  n  between  (A-8)  and  (A-9)  }de)ds: 

a  -  cosh  e  _  sinh  e 
slab  e  d  -  cosh  c 


(A-10) 


* '  • '  <  r  ■  T'  IT 


ii'i’i'i  uui!  r(  :;n>.i;)i!ig  tormi  yield, s: 

O  O 

ad  -  (a  +  d)  cosh  c  +  cosh”  e  -  sinh"  t 


(A-li) 

0 
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But  since  we  have  Identically 

2  2 
coah  £  -  sinh  e  = 

Equation  (A-ll)  reduces  identically  to 

-  (a  +  d)  cosh  €  ■»•  1  4-  ad  =  0  (A-12) 

from  which  we  immediately  conclude 

£  -  (K-r) 

which  la  the  desired  result. 

REMARKS 

Either  method  leads  to  two  values  of  £  ,  one  positive  and  the  other 
negative  in  sign.  Only  the  positive  sign  leads  to  a  reasonable  result, 
however,  as  may  be  shown  by  Equation  <6).  Thus,  for  £  >  0,  a  <  1 
and  d  <  1.  But  for  €  <0,  &  >  cosh  je  j  >  1  and  d  >  cosh  jc  j  >  1, 
which  is  impossible  In  terms  of  the  real-world  interpretation  of  a  and 
d.  For  this  reason,  only  the  positive  values  of  £  are  indicated  in  the 
foregoing  developments. 
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DISCUSSION  OF  SPECIFIC  SOURCES  AND  THEIR  DATA 

PURPOSE 

To  investigate  the  quality  of  qiuwtiUtlve  historical  coarhat  data  nud  to 
estimate  tlie  amount  of  variaUl'ity  In  seme  of  the  Lanchester  square-law 
parameters  which  arises  froa  iscrepaocles  between  data  sources. 


METHOD 

Indlvlduai  Sources 

Each  source  consulted  in  the  preparation  of  this  report  was  examined 
for  statements  relevant  to  the  quality  of  the  data  contained  In  that  source. 
Such  statements  mi(^t  Include  information  regarding  the  author's  qualifi- 
catlocs,  the  sources  which  hs  used,  and  his  own  evaluation  of  the  quality 
of  the  data  presented. 


Variability  Between  Sources 

Seven  battles  which  occurred  during  the  American  Civil  War  were 
selected  for  study.  Four  sources  were  consulted  for  data  on  initial 
strengths  and  casualties  for  each  battle.  For  each  battle  and  for  each 
source,  the  Lanchester  parameters,  a,  d,  p ,  D/A,  e,  and  were 

computed  as  explained  in  the  body  of  the  report  {Section  II,  Method). 

Total  casualty,  C  ,  and  total  force,  X  ,  parameters  were  also  obtained. 

The  sample  variance  between  sources  for  tlie  parameters  Inp  ,  In  c  , 
and  In  (Xq/  y^)  was  obtained  separately  tor  each  battle,  and  a  pooled  esti¬ 
mate  of  the  variance  between  oources  was  then  obtained  for  the  separate 
sample  variances.  In  addition,  log.'irithmlc  scatter  diagrams  were 
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proparod  for  D,  A  against  Xq/Yq.  against  Xq/Vq.  c  against 
;iniJ  tor  C  against  X. 

RESULTS 

Individual  Sources 

Statoments  from  each  source  relevant  to  the  quality  of  the  data  con¬ 
tained  in  each  are  quoted  below  to  the  extent  applicable,  and  additional 
notes  are  appended  if  necessary. 

1.  Reference  9 

a.  When  this  paper  was  written,  Engel  was  employed  by 
the  Operations  Evaluation  Group. 

b.  The  chief  source  of  data  used  by  the  above  reference  is 
The  Iwo  Jlma  Operation,  prepared  fay  Capt.  Clifford  P,  Morehouse, 
Historical  Division,  United  States  Marise  Corps,  undated. 

0.  No  evaluation  of  the  data  is  given  in  Roferenco  9.  Tho 
hvo  Jlma  Operation  describes  Itself  in  its  Foreword  as  follows: 

"The  inforntaUon  has  been  compiled  from  official 
records,  from  observations  and  notes  made  by  the  writer  during  the 
progress  of  the  operation,  and  from  a  few  supplementary  sources  noted 
in  the  text.  " 

"In  its  present  version,  this  monograph  Is  tentative 
and  subject  to  correction.  " 

"It  J3  hoped  dial  a  revised,  version,  possibly  wi*h  illus¬ 
trations  and  additional  maps,  may  be  published  in  more  permanent  form 
at  a  later  date.  " 


. j : .  .i.-ii  N-.  ii's 

Tii»j  writer  does  not  know  wheliier  or  not  tho  aniiei- 
‘  ri  vi- 04]  vorsion  has  been  published. 
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2.  Reforence  11 

a.  Various  authors  have  contributed  to  the  separate 
articles  and  have  not  always  listed  all  the  source  documents  used. 

b.  No  ffoneral  statement  can  be  made  regarding  solf- 
evoluatioo  by  the  authors  of  the  data  which  they  present.  In  several 
articles  there  la  an  Implied  solf*evaluatiou  to  the  extent  that  ranges 
of  values  are  given  for  strengths  or  losses  rather  than  a  fixed  figure, 
or  more  than  one  source  is  quoted  to  Illustrate  the  lack  of  consensus 
regarding  strength  and  loss  figures.  Id  some  articles,  a  phrase 
such  as  "it  has  been  variously  estimated  ut"  Is  Inserted,  presum* 
ably  to  warn  the  reader  that  precise  data  Is  not  available. 

3.  Reference  IS 

a.  S'  .ele  states  that  this  work  represents  a  part  of  his 
three  vears*  experlenoo  as  a  lecturer  In  military  history  at  tho  Army 
Service  Schools  at  Fort  Leavenworth. 

b.  Eligbteon  principle  sources  are  listed  by  Steele  in 
his  Preface,  and  appear  to  Include  the  major  historical  works  on 
American  campaigns  from  tho  French  and  Indian  War  to  tlie  Spanish- 
Amerlcon  War,  Inclusive.  Additional  oourcea  are  Indicated  by  tho 
footnote  references  contained  In  the  main  part  of  the  book. 

c.  The  data  given  is  frequently  prefaced  by  a  remark 
such  as  "It  Is  difficult  to  determine  how  many  were  engaged  (or  lost)" 
In  this  battle.  In  sonoe  cases,  more  than  one  source  Is  quoted  to 
illustrate  lack  of  agreement.  In  a  few  cases.  Steele  gives  his  own 
analysis  of  conflicting  reports,  together  with  his  conclusions. 

4.  Reference  16 

a.  Morlsen  and  his  series  on  World  War  IT  Naval 
Operations  are  well-known  to  most  readers.  The  st-rica  h'la  neen 
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tJrsi  rlliod  otk  ix.'cdslon  at  "senil-offlclal.  '*  la  proparlog  his  history, 
Monson  wus  froquontly  In  the  area  of  operation,  has  made  extensive 
use  of  Interviews  with  commanding  officers  of  both  sides  and  of 
official  reports,  and  nas  in  several  instances  visited  the  battlefield 
involved  (though  not  always  at  the  time  the  fighting  was  c'>nducted). 

b.  Morlson  includes  practically  nothing  in  thr  way  of 
data  evaluation  and  criticism. 

5.  Reference  17 

a.  As  of  the  time  of  writing,  Bemdt  was  a  Captain 
(Hauptmann)  in  the  German  Imperial  Genera!  Staff. 

b.  Forty-eight  sources  are  listed  as  consulted,  of 
which  five  are  German  Imperial  General  Staff  works, 

c.  The  following  is  a  free  translation  of  the  explana¬ 
tory  preface  to  Berndt's  battle  data  and  describes  the  type  of  infor¬ 
mation  given.  (Only  that  Information  pertaining  to  "battle"  was  used 
in  this  report. ) 

’'The  following  Tables  27-63  depict  the  strength  of 
tlio  opponents,  as  well  as  their  losses,  for  the  most  Important  bat¬ 
tles  of  the  Silesian  Wax  and  of  the  19th  contury,  the  most  significant 
sea  battles,  and  finally  for  some  of  the  most  important  seigos  and 
investments  of  fortreseos. 

'In  addition  to  the  stated  scope  of  this  book,  the 
most  remarkable  battles  of  Frederick  IT  will  bo  presontod  as  well 
.  .iiilea  of  Uic  IDth  coutury,  since  those  battles  —  typical  of  their 
era  —  provide  valuable  material  for  comparison  with  campaigns  of 
a  later  date. 

"T’  l?  ale  of  area  of  graphic  ropresentatioa.^,  ’’i. 

•  ..ag: .tir..'.,  1.-.  the  hO'nc  wiihin  a  given  section. 


CORG-SP- J2S 


"Bid  color  always  designates  the  victor,  red 
color  Uie  vanquishjxl;  tiie  former  is  always  placed  on  the  left,  the 
latter  on  tite  right. 

"In  ainbiguous  cases,  tlie  victor  is  always  taken 
as  the  one  who  in  battle  generally  achieved  his  objectives,  or  gained 
possession  of  the  field.  Beiges  and  investments  are  assigned  colors 
on  the  same  basis. 

"The  heavy  boldface  strength  numbers,  whose 
magnitude  is  graphically  displayed  by  the  area  of  the  cofresponding 
color  rectangle  (or,  as  the  case  may  be,  circle),  identify  the  total 
number  of  troops  which  vere  present  on  or  near  the  battlefield, 
whether  they  were  in  fact  engaged  or  not. 

"For  each  battle,  if  a  considerable  portion  of  the 
total  strength  was  not  engaged  and  if  this  portion  can  be  measured 
with  some  claim  to  correctness,  these  facts  are  cited  in  the  dia¬ 
grams. 

"Whenever  possible,  tite  strength  of  the  cavalry 
(in  horsemen)  and  artillery  (in  guns)  is  set  forth  In  parentheses 
below  the  total  strength  values;  note  that  the  number  of  horsemen 
is  included  tn  total  strength  valvios. 

"For  the  representation  of  sea  battles  (Table  54- 
55),  the  quantity  of  effective  troops  (i.  e, ,  the  manning  of  the  fleet) 
will  .’xot  be  used  as  in  the  above  battles,  but  the  number  of  ships, 
which  is  without  doubt  appropriate  in  such  cases. 

"In  ropresenthig  the  losses,  the  olrody  losses 
(killed  and  wounded)  correspond  to  darker  shading,  the  unbloody 
losses  (captured,  missing,  stragglers,  deserters,  etc. )  are  re¬ 
presented  by  lighter  shading. 
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'*To  count  the  missing  v,ith  the  unbloody  losses  may 
not  wholly  accord  with  the  facts,  since  a  larger  or  smaller  portion  of 
them  should  properly  be  counted  with  the  killed.  Since  the  number  of 
these  cannot  be  estimated  in  each  case,  the  ndssing  are  counted  witlk 
the  unbloody  losses  throughout. 

’The  bloody  and  unbloody  together  give  the  totality  of 
losses,  which  is  entered  in  heavier  type  beside  the  appropriate  chart. 

"The  absolute  number  of  losses  can  pro\lde  no  scale 
for  comparative  evaluation,  but  the  relative  number  of  losses  in  pro¬ 
portion  to  the  number  of  personnel  is  often  employed  for  this  purpose. 
Thus,  the  losses  in  percent  of  total  strength  have  also  beisn  ascer¬ 
tained  and  are  printed  in  boldface  on  either  side  of  the  word  '  - 
Verluste  -  These  percentage  values  indicate  how  many  men  of 
each  hundred  of  tota'  strength  were  lost  on  the  average. 

"In  addition,  the  percent  of  bloody  losses  was 
calculated  and  appears  In  smaller  type  either  enclosed  in  parentheses 
near  the  cori'esponding  absolute  number  or,  '  ''Ace  permits,  in  a 
separate  row  beneath  tiie  loss-diagram.  Tlie'.»  vrcentages  indicate 
how  many  of  each  hundred  men  were  killed  or  wounded. 

'It  may  easily  occur  that  the  loss  percentage  will 
be  calculated  from  total  strength  and  not,  as  is  proper  in  certain 
cases  and  for  many  purposes,  from  the  number  actually  participa¬ 
ting  in  the  battle.  This  occurs,  on  the  one  hand,  because  it  is  — 
especially  for  battles  of  early  date  —  often  quite  impossible  to  say 
Wiu<.n  troops  actually  fought  and  which  nut;  on  tiic  other  itand,  be¬ 
cause  it  is  not  at  all  clear  what  influence  was  exerted  on  the  develop¬ 
ment  of  the  action  by  the  mere  arrival  or  presence  of  a  force  not 
,11  »i,^.  anii  tt  v-  >:ild  therefore  be  rriost  objcrtlonahie  tf 

li'r.  f-.'.  1.1  re  simply  dropped  from  the  caleuiutions,  Morwver, 

•  hitter  would  form  i  wholly  unstable  basis,  while  a  solid  foundation 
a.Miot  t)e  (uspenseit  v.Lh  for  the  comparisons  lo  be  made  iciter  on. 
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"If  halfway  tolerably  reliable  sources  are  available, 
the  losses  in  officers  (already  incluiied  in  total  losses)  will  be  sepa¬ 
rately  listed  (in  parentheses),  and  also  the  losses  of  battle  standards 
and  war  materiel. 

"A  central  circle  and  concentric  annuius  will  be  used 
to  represent  'sieges  and  investments, '  where  the  area  of  the  inner 
circle  represents  the  strength  of  the  defenders  (tho  besieged),  that  of 
the  annulus  the  strength  of  the  8ii:gers. 

"The  last  great  Investment,  namely  that  of  Plevna 
1877,  will  not  make  use  of  this  representation  since  Plevna  was 
defended  by  field  fortifications  rather  than  by  a  fortress,  and  it  is 
therefore  a  case  of  a 'battle. ' " 

d.  Additional  Notes 

The  reader  will  no  doubt  wish  that  Berndt  had  done 
some  things  differently.  While  atodltting  the  controversial  nature  of 
some  aspects  of  Bemdt's  treatment,  this  author  wishes  only  that  the 
other  worki'  which  he  consulted  had  been  half  as  consclentioUo  in 
their  description  and  tlieir  display  of  tho  data. 

Curiously  enough,  and  despite  the  completeness 
with  which  other  data  are  given,  Bei*ndt  does  not  Include  any  informa¬ 
tion  which  would  identify  the  participants  as  to  attacker  or  defender, 
seemingly  considering  either  that  this  was  of  little  consequence  or 
that  the  information  was  general  knowledge.  As  noted  in  the  body  of 
the  report,  this  lack  was  supplied  by  appeal  to  Reference  18. 

6.  Reference  18 

a.  The  following  Preface  appears  In  this  work: 

"The  aad  death  of  Mr.  Ifarholtlo.  just  as  this  work 
was  to  press,  has  thrown  upon  .le  the  onus  of  '  orrecting  the 

proofs  and  preparing  the  index.  The  necessity  for  hurrying  the  work 


through  tl>e  press  has  precluded  comparison  of  the  references  in  every 
instance  with  the  original  sources  from  which  the  Author  had  taken 
them:  if  therefore  some  few  printer's  errors  or  varieties  of  spelling 
still  remain,  they  may,  I  hope,  be  attributed  to  the  imperfections  of 
one,  who  had  to  step  suddenly  into  the  breach  caused  by  the  loss  of  a 
valued  friend  and  collaborator,  whose  patience  in  research,  depth  of 
knowledge  and  ac  curacy  in  compilation,  he  could  never  hope  to  equal. 

P.  H.  Dalblac" 

b.  Sources  consulted  in  preparation  of  the  dictionary 
are  not  specified. 

c.  Additional  Notes 

This  dictionary  la  one  of  a  series  (Dutton's  Diction¬ 
aries  of  Quotations)  with  six  other,  analogous  works.  Harbottle  is 
credited  with  authorship  of  three  of  those  seven  dictionaries  —  Dic¬ 
tionary  of  Spanish  Quotations,  and  Dictionary  o’  Historical  Allusions 
and  Dictionary  of  Battles  (Ref.  28).  This  writer  estimates  that 
Reterenco  28  above  contains  betwe«)  IGOO  and  2000  entries,  all  of 
which  are  quite  brief. 

On  the  whole,  this  author  has  little  confidence  in 
the  Eccurrey  of  the  quantitative  data  contained  in  this  work,  and  has 
as  far  ss  possible  made  use  of  it  only  when  no  other  source  was  ade¬ 
quate, 

7.  Reference  19 

a.  No  autiior  is  credited  with  tfi/s  arth  and  til's 
writer  presumes  that  it  was  prepared  by  uie  ?'taJl  of  L,tFE  magazine. 

b.  LIFE  notes  that  all  casualty  figureB  given  for  the 
war  are  approximate.  No  indication  i.s  given  ot  the  aourcen  used  Uv 
Lirh. 


Variability  Between  Sources 

The  seven  American  Civil  War  Battles  and  the  data  collecied  on 
each  battle  from  the  four  separate  sources  is  presented  in  Tab'  c  B-I. 
Note  that  <I)  not  all  of  the.  sources  g^ve  complete  data,  and  (2)  that  we 
here  allow  the  descripti<m  "Indecisive’*  for  victorious  side,  provided 
the  reference  consulted  gives  no  better  indication  of  the  victor. 

The  parameter  values  estimated  from  the  data  of  Table  B-I  are 
given  in  Table  B-II,  together  with  the  sample  variance  between  sources 
for  each  battle  separately  and  the  variance  eatimate  obtained  by  pooling 
those  for  the  separate  battles  according  to  the  formula  (See  Ref.  ..3. ): 

2  ^  2 

Pooled  estimate  =  S.  »  Z  (n,  -  1)  S, 

0  1  a  1  1  i 

k 

Z  (0,  -  1> 

I  »  1  ^ 

Here  n^  is  the  number  of  parameter  values  obtained  for  the  1th  battle 
and  is  the  estimated  betveen-sources  variance  for  the  ith  battle. 

Figures  B-1  through  present  logarithmic  ecattor  diagrams  of 
D/A  against  against  x^/y^,  c  against  find  C 

against  X.  The  data  are  plotted  on  these  figures  as  numbers  in  oi  der 
to  identify  the  battle  to  which  the  plotted  values  refer.  For  example, 
battle  number  2  (Antletam)  Is  represented  on  each  figure  by  four  small 
numeral  2*8,  one  for  each  of  the  four  sources  involved.  Regression 
lines,  average  values,  etc.,  as  determined  in  the  bodj'  of  the  report, 
are  indicated  on  these  figures  to  facilitate  comparison  with  the  corre¬ 
sponding  figures  developed  in  the  body  of  the  report. 


COMPARISON  OF  SOURCES,  DATA 
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Tigur*  B-3.  Compnri.son  of  sources:  Logarithmic  scatter  diagram  of 
him  me  ss,  t,  against  force  rat  io, 
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Figure  B-4.  Comparison  of  sources:  Logarithmic  scatter  diagram  of 
total  casualties,  C,  against  total  force,  X. 
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SOME  NARRATIVE  ACCOUNTS  FOR  BATTLES  WITH 
EXTREME  VALUES  RESIDUAL  ADVANTAGE 


BATTLE  OF  CONTRERAS,  MEXICAN  WAR,  1847  A.D., 
RESIDUAL  ADVANTAGE  »  -  1. 064 


Narrative  from  Reference  11.  Article  on  "Contreras" 

A  hamlet  about  eight  miles  S.  W.  of  Mexico  City.  It  was  in  the 
vicinity  of  this  small  town  that  Ma].  Gen.  Winfield  Scott,  with  about 
4.  200  U.  S.  troops  of  his  column  In  the  southern  campaign  of  the  war 
betwe«i  Mexico  and  the  United  States  <1846>48)  encountered  first, 
the  difficult  barriers  of  pedrogal  (lava  beds)  and  lakes  surrounding 
hla  adversary's  captial.  In  this  particular  defense,  Gen.  A.  L. 
deSanta  Anna  emidoyed  about  7, 000  Mexicans,  aithou^  possibly 
three  times  that  cumber  occupied  forts  and  redoubts  at  critical 
points  elsewhere  about  the  city.  Scott,  haviug  clrcloo  to  the  south 
of  his  goal,  found,  upon  determined  reconnaissance,  *hat  San  Antonio 
directly  in  his  front  was  so  heavily  defended  that  an  assault  might 
cripgde  him.  Ho  decided  to  build  a  road  over  the  pedregal  toward  tbo 
west,  thereby  pinching  out  Santa  Anna's  strong  position.  Accordingly, 
on  August  19,  1847,  MaJ.  Gen.  G.  J.  Pillow's  dl vision  \yas  ordered 
to  supply  working  parties  and  push  forward  the  road  the  engineers 
were  building  and  to  brush  aside  any  small  resistance  without  bringing 
on  a  general  engagement.  Pillow,  however,  after  bein;,  j  ‘PP^> 
decided  to  attack.  In  the  premature  struggle  only  the  natural  teamwork 
of  the  trained  leaders,  such  as  Riley,  Smith,  and  Magruder,  saved 
defeat  until  Scott,  comiiig  upon  the  Reid,  ordered  a  concentration  of 
his  forces  at  San  Geronlmo,  the  key  position.  Darkness,  aggravated 
bv  :i  storm,  cut  Scott  off  from  the  knowledge  of  the  whereabouts  of  his 
troops. 
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1ji  Uio  early  morning  of  Aufifust  20,  Copt.  Robert  E.  Lee,  after  a  vol¬ 
untary’  desperate  ride  across  the  pedregal,  bore  Scott  tho  intelligence  that 
Dng.  Gen.  P.  F.  Smith  had  found  a  way  to  the  enemy's  rear  and  would 
attack  at  dawn.  Scott  prepared  Brig.  Gen.  D.  E.  Twiggs  to  cooperate 
in  iront,  and  as  a  result,  Son  Geronimo  was  taken  In  front,  flank,  and 
reverse  in  loss  than  20  minutes.  San  Antonio  was  evacuated  and  the 
battle  of  Churubusco  began  the  same  day.  The  cannon  and  ammunition 
captured  from  the  Mexicans  aided  Scott  materially.  The  Mexican 
losses  were  about  1,.')00  as  against  fewer  than  100  Americans. 

Narrative  from  Reference  15,  pp.  112-123,  passim 

Valencia  marched  first  to  San  Angol,  and  then,  contrary  to  Santa 
Anna's  orders,  put  hla  command  into  on  Isolated  position  upon  on  open 
ridge  just  north  of  Contreras  and  west  of  the  southern  end  of  the  Pedre¬ 
gal,  a  large  space  covered  with  volcanic  rocks.  He  placed  a  part  of  his 
troops  several  hundred  yards  in  front  of  Ills  mam  position  at  the  ranch 
of  Paclierna.  Valencia  was  planning  to  fall  upon  the  flank  and  rear  of 
tiio  Americans  as  they  moved  on  the  capital  by  way  of  Son  Antonio. 

'Hie  American  army  reached  San  Augustin  on  the  17th  of  August, 
and  occupied  It  without  serious  opposition.  This  place  then  became  tho 
base  of  operations.  The  engineers  discovored  tho  position  of  Valencia's 
army:  they  also  ascertained  by  reconnaissanco  that  a  road  could  bo  made 
over  the  Pedregal  by  w^lch  Valencia's  position  could  bo  turned,  his  rear 
atl.'ickod,  and  Ids  Pno  of  retreat  to  tho  ma.n  army  or  1  tho  capital  cut  <'ff. 

On  l*'o  ISth  ol  August  Worth's  division  moved  forward  to  San  Antonio, 
and  on  tho  19lh  that  place.  On  thts  day  thi'  di vt.-.ions.ot  lVi)';:s 

and  Pillow  advanced  against  Valencia's  jxisiiion.  While  part  ol  thi.s  ton 
attacked  and  captured  the  advanced  post  at  Padlorna  driving  back  the 

i.ic-.  I’.  .  .1 

ttii’.r  way  Itic  l’edr«'gal  to  the  vvm'i-  :u  i>uiui  .S.ui  i  i.  i-  i:  .  ;.i  >. 

less  than  2.0itU  v.'irls  tn  tn,.  ifp  ;i;ui  I’.-.ir  <  f  \'.d<  t.'.i's  (‘si: 
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Here  Smith's  detachment  was  wholly  separated  from  the  rast  of  the 
American  Army,  and  his  rear  was  exposed  to  attack  from  the  direction 
of  San  Angel.  Santa  Anna,  in  fact,  hurried  forward  a  brigade,  which 
appeared  on  the  Hill  of  Toro,  1, 500  yards  north  of  Geronimo,  at  5  P.  M. ; 
but  before  it  made  any  movement  of  attack,  it  received  orders  from 
Santa  Anna  to  retire  to  San  Angel,  where  he  himself  sp^t  the  nl^t  with 
other  troops.  The  only  assault  upon  Smith  at  San  Geronimo  was  made 
by  Valencia's  cavalry,  which  was  easily  repulsed. 

Ihat  evening  the  Americans  vacated  the  ranch  of  Padiema,  which 
was  reoocupied  by  the  Mexicans.  During  the  night  General  Scott  sent 
Shield's  brigade  to  reinforce  Smith.  Santa  Anna  sent  an  order  to 
Valencia  directing  him  to  withdraw  to  Coyoacan,  Valencia  refused  to 
obey  the  order,  and  held  his  position. 

Leaving  Shields  to  hold  Geronimo,  protect  his  rear  and  cut  off  the 
enemy's  retreat,  Smith  moved  forward  the  rest  of  his  detachment  before 
daybreak  ou  the  20th,  and  fell  upon  the  rear  of  Valancia's  position.  Scott 
had  ordered  Worth  and  Quitman  to  support  this  attack  by  assaulting  the 
front  of  the  position.  This  "secondary  attack"  was  quite  unnecessary, 
for  Smith's  assault  took  the  enemy  by  surprise  and  put  him  to  flight. 

The  victory  was  complete. 

While  the  Americans  were  thus  routing  Valencia's  command,  Santa 
Anna  was  at  San  Angel,  less  than  three  oiiles  distance  from  tho  battle¬ 
field,  with  three  brigades.  He  started  forward  with  part  of  his  force, 
but  was  almost  Immodlately  met  by  Valencia's  flying  troops.  Thereupon 
he  turned  about  and  liastened  toward  the  city,  sending  orders  for  all  the 
Mexican  troops  to  concentrate  upon  the  inner  line  of  defense  at  the  garUas 
of  the  capital. 

In  llii.i  wiji;.!;.;'  which  Americans  call  the  battle  of  Conlrerab, 

and  the  Mexicans  call  the  battle  of  Padierna,  the  Americans  engage 
nuinber-Hj  4.500.  the  Mexicans  4,000.  The  Americans  lost  fewer  thar. 

100  men;  the  Mexicans  lost  700  killed,  812  prisoners. 
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Gonjral  Valencia's  duision  was  ordered  to  held  San  Angel;  but 
general  moved  forwr.rd  and  occupied  the  advanced  position  at  Con¬ 
treras.  The  position  was  from  every  point  of  view  untenable.  Not  only 
could  it  be  turn  easily,  and  attacked  in  rear  (as  was  done),  but 
Valencia  would  have  been  just  as  bad  off,  if  Scott  had  only  left  a  con¬ 
taining  force  to  occupy  his  attention  in  front,  while  he  forced  a  way  for¬ 
ward  over  the  San  Antonio  cause  way,  and  from  there  crossed  over  to 
the  San  Angel  road.  This  would  have  cut  Valencia  off  from  his  commun¬ 
ications.  Taking  position,  then,  at  Contreras  was  Valencia's  strategic 
mistake.  He  made  an  equally  bad  tactical  blunder,  in  {wtting  a  part  of 
his  force  in  front  at  Padierna  —  an  advanced  post  beyond  the  support 
of  bis  main  position, 

BATTLE  OF  ROSSBACH,  SEVEN  YEARS'  WAR,  1757  A.  D. , 
RESroUAL  ADVANTAGE  »  -  0.  821 

Narrative  from  Reference  11,  Article  on  "Rossbach" 

A  village  in  the  Laud  of  Sacony,  Germany,  in  the  district  of 
Merseburg,  8  miles  S.W.  of  that  place  and  N.W.  of  Weissenfels, 
famous  as  the  scene  of  Frederick  the  Great's  victory  over  the  allied 
French  and  the  army  of  the  Empire  on  November  5,  1757.  For  the 
preceding  events,  see  Seven  Years'  War.  The  Prussian  camp  on  the 
morning  of  ti  e  5th  lay  between  Rossbach  (left)  and  Bedra  (rlghtJufacing 
the  Allies,  who,  comnuinded  by  the  French  General,  Charles  de  Rohan, 
prince  de  Soubise,  and  Joseph  Frederick  Wdllam,  duke  of  Saxe- 
Hi'dbiirrh.'UiSpr.  General  Fc  ldr.umeister  of  the  Empire,  had  mimeis vereii 
in  the  preceding  days  without  giving  Frederick  an  opportunity  to  brmg 
them  lo  actlor,  and  now  lay  to  the  westward  with  their  right  near 
B'  luidoroda  and  their  left  at  Mucheln  (see  Sketch).  The  advanced  Posts 
1.;  u..  1';' ..ssja’i.-,  wer.-  in  U.e  vsiliates  immediately  west  of  Ifieir  camp, 
'.h.j.se  .)!  the  Allies  on  the  iSchortau  lull  and  Uie  Gulgenberg. 
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The  AUiea  possessed  a  numerical  superiority  of  two  to  one  in  the 
battle  itself,  Irrespective  of  detachm^ts, '  and  their  advanced  post 
overlooked  all  parts  of  Frederlck*s  sampw  They  had  had  the  best  of  it 
in  the  maneuvers  of  the  previous  days,  and  Hiidburghausen  determined 
to  take  the  offensive.  He  had  some  difficulty,  however,  is  Inducing 
Soubise  to  risk  a  battle,  and  the  Allies  did  not  begin  to  move  off  their 
camping-ground  until  alter  eleven  o'clock  on  the'  5th,  Soubise 's  inten¬ 
tion  being  probably  to  engage  oa  late  in  the  day  as  possible  with  the  idea 
of  gaining  what  advantages  he  could  in  a  partial  action.  The  pirn  was  to 
march  the  Allied  army  by  Zeuchfeid,  round  Frederick's  left  (which  was 
covered  by  no  serious  natural  obatacle),  and  to  deploy  in  battle  array, 
facing  north,  between  Reichsrdtswerben  (right)  and  Pettataiu  (left).  The 
duke's  proposed  battle  and  the  more  limited  aim  of  Soubise  were  equally 
likely  to  be  attained  by  taking  this  position,  which  threatened  to  cut  off 
Frederick  from  the  towns  on  the  Saale,  This  position,  equally,  could 
only  be  gained  by  marching  round  the  Prussian  Hank,  l.e.,  by  a  flank 
march  before  the  enemy.  The  obvious  risk  of  interference  on  the  ex¬ 
posed  flsnk  was  provided  against  by  a  considerable  flank  guard,  and  in 
fact  it  was  not  in  the  execution  of  their  original  design  but  in  haatily 
modifying  it  to  suit  unfounded  as8unq>Uons  that  the  Allies  met  with  dis¬ 
aster, 

Frederick  spent  the  morning  watching  them  from  a  house  top  in 
Rossbach,  The  initial  stages  of  their  movement  convinced  him  that  the 
Allies  were  retreating  southvfard  towards  their  magaxlnes,  and  about 
noon  he  went  to  dinner,  leaving  Capdaln  'Von  Gaud!  oa  the  watch.  This 
officer  formed  a  different  Impression  of  the  .Ulies*  intentloBS,  for  the 
columns  which  from  time  to  lime  became  visible  in  the  undulations  of 

*V.  der  Goltz  (Roeebach  bts  Jena,  1900  edition)  gives  41,  000  Allies 
;ind  21,000  Prussians  as  the  ortnbntant  streniTt-ha.  nemrlt's  statlsli'':»l 
V.OIK,  Zbk.ll  Im  Kruxo,  gives  the  rebjwctive  lorces  engaged  as  Allies 
'111,  000,  PrusHiana  21, 000.  Other  accounts  give  the  Allies  total  strength 
as  G4,0OC  and  the  Prussians  as  24,000. 


'.he  ground  were  seen  to  turn  eastwards  from  Zeuchfeld.  Gaudi's  excited 
report  at  first  served  only  to  confirm  Frederick  in  his  error.  But  when 
the  kir.g  saw  for  himself  that  hostile  cavalry  and  infantry  were  already 
near  Pettstadt,  he  realized  the  enemy's  intentions.  The  battle  for  which 
he  had  maneuvered  In  vain  was  offered  to  him,  and  he  took  it  without 
hesitation.  Leaving  a  handful  of  light  troops  to  oppose  the  French  ad¬ 
vanced  post  fsr  flank  guard)  on  the  Schortau  hill,  the  Prussian  army 
broke  camp  and  moved  —  half  an  hour  after  the  king  gave  the  order  — 
to  attack  the  enemy.  The  latter  were  marching  in  the  normal  order  in 
two  main  columns,  the  first  line  on  the  tcft,  the  second  line  on  the  right; 
farther  to  the  right  was  a  column  consisting  of  the  reserve  of  foot,  and 
between  the  first  and  second  lines  was  the  reaerve  artillery  on  the  road. 
The  right-wing  cavalry  was  of  course  at  the  head,  the  left  wing  cavalry 
at  the  tail  of  the  two  main  columns.  At  first  regulation  distances  were 
preserved,  but  when  wheeling  eastward  at  Zeuchfeld  there  was  much 
confusion,  part  of  the  resen'e  infantry  getting  in  between  the  vwo  main 
columns  and  hampering  the  movements  cf  the  reserve  artlllexy,  and  the 
rest,  on  the  outer  flank  of  the  wheel,  being  unable  to  keep  up  with  the 
over-^^)ld  movement  of  the  wheeling  pivot.  A  weak  flank  guard  was 
thrown  out  towards  Rossbach.  When  it  was  seen  that  the  Prussians  were 
moving,  as  far  as  could  be  judged,  eastward.  It  was  presumed  that  they 
were  about  to  retreat  in  order  to  avoid  being  taken  in  flank  and  rear; 
and  the  Allied  generals  thereupon  hurried  the  march,  sending  the  cavalry 
on  ahead. 

Frederick  had  no  intention  either  of  forming  up  parrallel  to  the 
enemy  or  of  retreating.  As  tis  army  could  move  as  a  unit  twice  as  fast 
t^-e  e:irmy'.s,  he  in'riiileil  to  nvtke  a  'letour,  screeaoci  by  the  Janub 
Hugel  ana  the  FV^lzen  Hugel,  and  to  fall  upon  them  suddenly  from  the 
east.  If  at  the  moment  of  contact  the  Allies  had  already  formed  their 
line  of  battle  facing  north,  the  attack  would  strike  their  right  flank,  if 
•.tt-y  v,i  bViil  on  *Ju-  muv'-  in  ccljinn  east/var<Js  or  injrrh-easlward.s, 
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the  heads  of  their  columns  would  be  crushed  before  the  rest  could  deploy 
in  the  new  direction  —  deployment  in  ..uose  days  being  a  lengthy  affair. 

To  this  end  General  Von  Seydlltz,  with  every  available  squadron,  hurried 
eastward  from  Rosshach,  behind  the  Janus  Hugel,  to  the  Polzen  Hugel; 
Colonel  Von  Moller,  wl»h  eighteen  heavy  guns,  came  into  action  on  the 
Janus  Hugel  at  3:15  against  the  advancing  columns  of  the  Allied  cavalry  ; 
and  the  infantry  followed  as  fast  as  possible.  When  they  came  under  the 
fire  of  Moller 's  guns,  the  Allied  squadrons,  which  were  now  north  of 
Reichardtswerben  and  well  ahead  of  their  owu  Infantry,  suffered  some¬ 
what  heavily,  but  it  was  usual  to  employ  heavy  guns  to  protect  a  retreat, 
and  they  contented  themselves  with  bringing  some  fleldguns  into  action. 
They  were,  however,  amazed  when  SeydllU's  thirty-eight  squadrons 
suddenly  rode  dovm  upon  the  head  and  ligdtt  flank  of  their  colunms  from 
the  Polzen  Hugel  *'avec  une  incit^abie  vitesse.  "  Gallantly  as  the  leading 
German  regiments  deployed  to  meet  him,  the  result  was  scarcely  in 
doubt  for  a  moment.  Seydlitz  threw  in  his  last  squadron,  and  then 
himself  fought  like  a  trooper,  receiving  a  severe  wound.  The  melee 
drifted  rapidly  southward,  past  the  Allied  Infantry,  and  Seydlitz  Qnally 
rallied  his  horsemen  in  a  hollow  near  Tagewerben,  ready  for  fresh 
service.  This  first  episode  was  over  in  half  an  hour,  and  by  that  time 
the  Prussian  infantry,  in  echelon  from  the  left,  was  desoeoding  the 
Janus  Hugel  to  meet  the  already  confused  and  disheartened  infantry  of 
the  Allies.  The  latter,  as  their  cavalry  bad  done,  managed  to  deploy 
some  regiments  on  the  head  of  the  column,  and  the  French  In  particular 
formed  one  or  two  columns  of  attack  --  then  peculiar  to  the  French 
army  —  and  rushed  forward  with  the  bayonet.  But  Moller 's  guns,  which 
had  advanced  with  the  infantry,  tore  gaps  in  the  close  masses,  and, 
when  it  arrived  within  effective  musketry  range,  the  attack  died  out 
before  the  rapid  and  methodical  volleys  of  the  Prussian  line.  Mean¬ 
while  the  Allies  were  trying  In  vain  to  form  a  line  of  battle.  The  two 
main  columns  had  got  too  cloae  together  in  the  udvonco  from  P«*ttstadi.  part 
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ot  uhe  re.scrvt'  which  had  become  entangled  between  the  main  columns 
w  as  extricating  itself  by  degrees  and  endeavoring  to  catch  up  with  the 
rest  of  the  reserve  column  away  to  the  right,  and  the  reserve  artillery 
was  useless  in  the  middle  of  the  infantry.  The  Prussian  infantry  was 
still  in  echelon  from  the  loft,  and  the  left-most  battalions  that  had  re¬ 
pulsed  the  French  columns  were  quickly  within  musket-shot  of  this 
helpless  mauS.  A  few  volleys  directed  against  the  head  and  left  flank  of 
the  column  sufficed  to  create  disorder,  and  then  from  the  Tagewerben 
hollow  Seydlitz's  rallied  squadrons  charged,  wholly  unexpectedly,  upon 
its  right  flank.  The  Allied  infantry  thereupon  broke  and  fled.  Soubise 
and  the  duke,  who  was  wounded,  succeeded  in  keeping  one  or  two  regi¬ 
ments  together,  but  the  rest  scattered  over  the  countryside.  The  battle 
had  lasted  less  than  an  hour  and  a  half,  and  the  last  episode  of  the  infantry 
fight  no  more  than  fifteen  minutes.  Seven  Prussian  battalions  only  were 
engaged,  and  these  expended  five  to  fifteen  rounds  per  man.  Seydlitz  and 
Prince  Henry  of  Prussia,  the  cavalry  and  the  infantry  leaders  engaged, 
were  both  wounded,  but  the  total  loss  of  the  king's  army  was  under  550 
officers  and  men  as  compared  with  7, 700  on  the  part  of  the  Allies. 

Narrative  from  Reference  18,  Article  on  "Rossbach" 

Fought  November  5,  1757,  between  80, 000  French  and  Austrians 
under  Marshal  Soubise,  and  30, 000  Prussians,  under  Frederick  the 
Great.  Frederick,  who  occupied  the  heights  of  Rossbach  was  attacked 
by  the  allies.  The  Prussian  cavalry,  however,  under  Seydlitz,  charged 
down  upon  tl>c  Austrians,  and  threw  them  into  disorder,  and  the  infantry 
falling  upon  tiie  broken  columns  utterly  routed  them,  with  a  loss  of  4,000 
killcii  a;.<i  wiiundi'U,  7,  OOu  prisonex  s,  including  11  generals  and  03  guns. 
The  Prussians  lost  3,000  only. 


L'dltG  sp-i::-' 


BATTLE  OF  MORTARA,  WAR  OF  THE  ITALIAN  RISING,  1849  A.  D. , 
RESIDUAL  ADVANTAGE  =■  -  0. 583 


Narrative  from  Reference  18,  Article  on  "Mortara" 

Fought  March  21,  1349,  between  the  Piedmontese,  under  the  Duke 
of  Savoy  (Victor  Emmanuel)  and  General  Darando,  and  the  main  Aus¬ 
trian  army,  under  Radetsky.  No  steps  had  been  taken  by  the  Piedmon¬ 
tese  to  render  Mortara  defensible,  and  little  guard  was  kept,  with  the 
result  that  they  were  surprised  by  Radetsky,  and  driven  out  of  the  town 
in  confusion,  with  a  loss  of  SOO  killed  and  wounded,  2, 000  prisoners 
and  5  guns.  The  Austrians  lost  300  only. 

BATTLE  OF  CERRO  GORDO,  MEXICAN  WAR,  1847  A.  D. , 
RESIDUAL  ADVANTAGE  -  -0.569 

Narrative  from  Reference  IS,  pp.  108-121,  passim 

After  his  defeat  at  Buena  Vista  (February  22-23),  Santa  Anna  fell 
back  with  his  army  to  San  Luis  Potose,  where  ho  arrived  after  a  march 
of  great  hardship  with  less  than  10, 000  effectives.  After  resting  hero 
four  days,  he  resumed  the  march  to  the  capital  with  two  brigades. 

A  new  revolution  had  meemtime,  broken  out  in  the  City  of  Mexico, 
and,  when  Santa  Anna  arrived  there,  he  found  armed  partisana  con¬ 
fronting  each  other  in  tne  streets.  He  managed  to  compose  the  dis¬ 
sensions,  and  on  the  2nd  of  April  set  out  for  Cerro  Gordo,  a  strong 
position  on  the  road  to  Vera  Crua,  where  he  purposed  stopping  the 
progress  of  Scott's  army.  A  part  of  the  troops  ho  had  commanded  at 
Buena  Vista,  some  5,  600,  had  already  turned  toward  the  some  point; 
the  rest  remained  for  the  present  at  San  Luis  Potose.  From  the  capi¬ 
tal  Santa  Anna  took  the  National  Guards  of  that  city.  Cerro  Gordo  (Big 
.1  i-.it  !ii;;,  IS  at  ihi  of  ihi  t>icrra  MiUru  --  the  Ual  alcp  troin 
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t!iL‘  ccrcjt  Plateau  of  AnaJmac  to  the  Tierra  Callente. 

Here  road  from  Ve.  a  Cruz  crosses  a  small  river  and  a 
narrow  stretch  of  level  ground,  the  Plan  del  Rio;  then  It  zigzags  up¬ 
wards  and  to  the  west,  following  the  easiest  grade  from  one  bench  to 
•he  next.  To  the  right  of  the  road,  as  one  goes  west,  are  first  rugged 
c  fs  and  then  on  impassable  ravine.  Between  the  ravine  and  the  road 
a  ;  two  prominent  wcodod  knolls.  Atalaya  and  Telegrafo,  a  few  hun* 
dred  yards  beyond  which  the  road  passes  the  Cerro  Gordo  Ranch. 

From  the  Plan  del  Rio  to  this  ranch,  and  probably  farther  westward, 
the  stream  flows  in  an  impassable  gorge;  aud  about  midway  of  the  dis« 
tance  is  a  commanding  table.  On  this  table  the  right  of  the  Mexican 
line  rested  The  left  was  on  Telegrafo,  and  the  XX  reserve  was  at  the 
ranch. 

The  position  as  occupied  was  strengthened  with  parapets,  crenches, 
pall  jades,  and  abatis,  and  the  trees  were  cleared  away  from  the  fiold  in 
front.  Artillery  was  so  placed  as  to  command  tl»e  road  and  sweep  all 
the  approaches  to  the  position. 

Oving  to  the  ferocious  heat  and  deep  sand,  the  march  of  Scott's 
army  across  the  Tierra  Caliente,  from  Vera  Cruz  to  Plan  del  Rio, 
was  very  hard  and  trying.  Tw:.gg's  division,  which  started  on  the  8th 
of  April,  did  not  roach  Plan  del  Rio  until  the  evening  of  the  ilth. 

Twiggs  had  been  informed  on  the  way  that  Santa  Anna  was  at  Jalapa 
with  troops,  and  ne  expected  to  meet  him  at  Cerro  Gordo. 

As  soon  as  General  Scott  received  report  that  the  divisions  of 
Twigga  and  Patterson  had  found  the  enemy  in  force  at  Cerro  Gordo,  he 
has'ened  forward  from  Vera  Cruz  hJmself,  and  Joined  Ihc  trooi).-.  at  Um 
f  ront  0.1  April  14.  ^laving  gotten  more  transportation,  Gonerai  Worth, 
also  marched  his  division  torward,  and  had  reached  the  camp  of  the 
other  divisions  .at  P'an  del  Rio,  by  the  evening  of  April  17. 


roui;  i.:- 


Meantime  the  American  engineer  officers  had  been  reconnoltoring 
Uie  Mexican  iwsitlon.  They  reported  that  th<;  pooltlon,  though  fortified 
and  very  strong  in  front,  could  be  turned  by  its  left  and  struck  in  rear; 
and  that  the  intrenchments  on  Telegrafo  could  be  carried  by  assault. 
Telegrafo  was  tlie  key  to  the  position. 

On  the  17th  Twlgg's  division  followed  the  route  plokod  out  by  the 
engineers;  and,  after  an  action  in  which  it  lost  niuety-saven  officers 
and  men,  it  got  possession  of  Atalava.  General  Scott  there  upon 
Issued  an  order  for  a  g^eral  attack,  for  the  morning  of  the  18th. 
Worth's  division  of  regulars  with  Shield's  brigade  of  volunteers  was  to 
follow  up  and  support  the  "nuftin  attack"  against  the  Mexioan  left  and 
rear;  and  Pillow's  brigade  of  voluntoers  was  to  make  the  "secondary 
attack"  against  the  front.  The  main  attack  carried  Telegrafo,  put  the 
left  of  the  Mexican  line  to  flight,  and  got  possession  of  the  Jalapa  road. 
Seeing  escape  impossible,  the  entire  right  of  the  Mexican  line  then  sur¬ 
rendered.  Iho  American  cavalry  pursued  the  routed  Mexicans,  but 
was  sot  fleet  er.oug|t  to  do  them  much  damage. 

General  Scott  reported  his  strength  at  this  battle  as  8,500,  and  bis 
killed  and  wounded,  thirty-three  officers  and  398  oniisted  men.  He  es¬ 
timated  the  Mexican  strength  at  12, 000,  and  the  losses  1, 000  to  x,  200 
killed  and  wounded,  and  3, 000  captured.  The  prisoners,  like  those 
taken  at  Vera  Cruz,  were,  for  lack  of  means  to  care  for  them,  paroled. 

lieutenant  -  General  Robles,  the  Mexican  engineer  that  fortified 
Cerro  Gordo,  gave  it  as  his  opinion,  that  the  position  was  only  suitable 
for  "harassing  an  Invading  army,  "  —  that  is,  for  fighting  a  delaying 
action,  a  rear-guard  action  —  and  not  for  fighting  a  defensive  battle 
with  Uio  hope  cf  winning  a  decisive  victory,  lit  reported  that  the  posi¬ 
tion  could  be  turned  precisely  as  It  was  afterwards  turned  by  the  Amer¬ 
icans.  Ho  "advised  that  the  main  defense  be  made  at  Corral  Falso,  six 
or  eight  miles  in  roar.  "  Rut  Santa  Anna  insi-it*'-)  uinm  fortlf'-lng  (.’rrrvt 
Gordo,  It  was  hero  'hat  the  patriots  hau  made  a  famous  stand  uyoinat 


Cic  in  tile  War  of  Indcpendonce.  Nor  did  Santa  Anna  make  any 

,irovisii)n  against  die  lurninj;  movement.  Even  after  the  Americans  had  got 
(x)sst>.s<iioi.  of  the  lull.  Atalaya,  on  tlie  first  day  of  die  Battle,  he  pei*- 
ststod  in  believing  tliat  die  main  attack  would  be  made  against  his  right 
and  front,  and  ho  made  his  dispositions  accordingly. 

BATTLE  OF  PLEVNA,  RUSSO- TURKISH  WAR,  1877  A.  D. , 

RESIDUAL  ADVANTAGE  ^  -  0. 515 

Narrative  from  Reference  11,  Article  on  "Plevna,  "  paeaim 
Investment  and  Fall  of  Plevna 

This  was  the  last  open-force  attack  on  Osman's  lines,  (Third 
Battle  of  Plevna)  General  Todleben,  the  defender  of  Sevastopol,  was 
now  entrusted  with  the  conduct  of  the  selge,  he  determined  to  complete 
die  Investment,  v4iloh  was  accomplished  by  October  24,  Osman's 
request  to  retire  from  Plevna  havir>g  been  refused  by  Constantinople. 
Supplies  eventually  gave  out  and  a  sortie  on  the  night  of  December  9- 
10  failed,  with  die  result  that  he  and  his  army  capitulated. 

Plevna  is  a  striking  example  of  the  futility  of  the  purely  passive 
detenso,  which  Is  doomed  to  failure  however,  tenaciously  carried  out. 
Osman  Pasha  repelled  three  Russian  attacks  and  practically  held  the 
whole  Russian  army.  It  remained  foi  the  other  Turkish  forces  in  the 
Held  to  take  the  offensive  and  by  a  vigorous  counter-stroke  to  reap  the 
ii'cits  of  his  su  ressos.  Victories  which  are  not  followed  up  are  use- 
Ics.'j. 

Narrative  from  Reference  18,  Arthioon  "Plevna,"  passim 

On  December  10,  Osman  Pasha,  at  the  head  of  25.  000  Turks, 

f.  1  .tiivi  w !v  .i  >uil.s,  .ii;,  iiii.li  .1 

:  I  v.:*;.  il: ;• 'ug.'i  U  .  siaii  ai  Illy,  ilow  U'O,  OUO  Strong.  uniU  r 

?.;  •  .  :  if  witJi  1  'illrln  r.  s  Chief  of  St.ill.  The  attempt 


(,  tiMi -.sP-  1 


was  nmdc  on  tho  oast  of  Plovna,  and  was  directed  against  the  Imperial 
Grouadlors,  uousr  Gonoral  Gonetzke.  Having  succossfulty  crossed 
Uio  Vid,  Osman  charged  down  upon  tho  Russians,  on  a  line  two  Rules 
in  length,  and  carried  the  first  line  of  entrenchments.  Todloben,  how  ¬ 
ever,  hurried  up  reinforcements,  and  the  Turks  were  in  turn  attacked, 
and  driven  back  in  nonfuslon  aoroaa  the  river,  Osman  being  severely 
wounded.  Here  tliey  made  their  last  stand,  but  were  overpowered,  and 
driven  into  Plevna,  which  before  evening  oaj^tulated,  afier  a  defense 
lasting  143  days.  In  this  engagement,  tho  Turks  lost  6,  000,  and  tho 
Russians  2,000  kiUed  and  wounded. 

BATTLE  OF  TSCHERNAJA.  CRIMEAN  WAR,  1855  A.  D. , 
RESIDUAL  ADVANTAGE  •  0.  R77 

Narrative  from  Refer  nee  18,  Article  on  'Techornnja" 

Fought  August  16,  1855,  between  three  Russian  divisions,  under 
General  GortscbakoCf,  and  three  Fr<moh  and  one  Sardinian  divlBion, 
under  General  Marmora.  Tho  Russians  attacked  tlio  allies'  position 
on  the  Tschornaja,  and  after  severe  fighting,  were  repulsed  with  a 
loss  of  5, 000  killed  and  wounded.  The  alUos  lost  1, 200. 

BATTLE  OF  LISAINE,  FRANCO-GERMAN  W.\R,  1871  A.  D. , 
RESIDUAL  ADVANTAGE  -  0.601 

Narrative  from  Reference  11,  Article  on  "Fronco-Gorman"  War,  iKiSsim 

The  last  episode  Is  Bourbakl'a  campaign  in  the  east,  with  Its 
moumiul  close  at  Pontarller.  Before  the  crisis  of  the  lust  week  of 
November,  the  French  forces  under  General  Cremer,  Cambriel's 
successor,  had  boon  so  far  successful  in  minor  enterprises  that,  as 
mrntjonivl  cIkivi*  the  right  wing  of  U.o  Loire  scvi-nil  iroiii  llii. 
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U  lt  !iy  iho  battU  of  Orloans  and  subsequently  held  Inactive  at  Bourses 
and  Nevera,  waa  ordered  to  Fronch  Comte  to  tako  the  offensive  against 
Uic  XIV  corps  and  other  German  troops  there,  to  relieve  Belfort  and  to 
strike  a  blow  across  the  invador'a  line  of  communlcationa.  But  there 
were  many  delays  in  execution.  The  staff  work,  which  was  at  no  time 
satisfactory  in  the  Fronch  armlos  of  1870,  was  complicated  by  the 
snow,  the  bad  state  of  the  ror.ds,  and  the  mountainous  nature  of  the 
country,  and  BourbaKl,  a  brave  general  of  division  in  action,  but  irreso¬ 
lute  and  pretentious  as  a  commander-in-chlef,  was  not  the  mao  to  cope 
with  the  situation.  Only  the  furious  courage  and  patient  endurance  of 
hardships  of  the  rank  and  file,  and  the  good  qualities  of  some  of  the  gen¬ 
erals,  such  as  Clinchart,  Cromer,  and  Billot,  and  Junior  staff  officers 
such  as  Major  Brugare  (afterwards  generalissimo  of  the  French  army), 
secured  what  success  was  attained. 

Werder,  the  German  commander,  warned  of  the  Imposing  concon- 
traUon  of  the  French,  evacuated  Dijon  and  Dole  just  In  time  to  avoid  the 
blow  and  rapidly  drow  together  his  forces  behind  the  Ognion  above  Vesoul. 
A  furious  attack  on  one  of  his  divisions  at  Vlllorsexel  (Jan.  9)  cost  him 
2,000  prisoners  as  well  as  his  killed  and  wouiided,  and  Bourbaki,  heading 
fo’'  Beifoin,  was  actually  nearer  to  the  fortress  than  Uie  Germans,  but  at 
uie  crisis  more  tlmt  was  wasted,  Werder  (who  hod  almost  lost  hope  of 
maintuining  himself  and  had  received  both  encouragement  and  stringent 
instriTtlons  to  do  so)  ellppod  In  front  of  the  French,  and  took  up  a  long 
w«iak  line  o'  delcnse  on  the  river  fJsaine,  almost  wiiliin  c.innon  shot  of 
,  ''re  .’ijniirnuti  From  h  armv  nr-vod  up  .inH  aitjrkod  him  Ihoi-' 
with  l.iO,  000  00,000  (Jun.  1;>--17,  l8Tl).  It  was  last  r«-pii|s,>d, 

thanks  ohiolly  to  Hourtiokl'.s  I'ah'lity  to  handle  his  forces,  and.  to  tlu* 
hi'tor  i!is,i[ijM',iivmcnt  of  off'cers  ,uid  mm  aliko,  he  ordori'il  .»  ictriM:, 

•  *  .  .  •  . .  *  ■  (  >  ll  -  » ,l' «•. 
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BATTLE  OF  PALO  ALTO,  MEXICAN  WAR,  1846  A,  D. , 
RESIDUAL  ADVANTAGE  =  0. 662 

Narrative  from  Reference  11,  Article  on  "Palo  Altc" 

A  battlefldd  in  Cameron  County,  Texas,  betwe«t  Point  Isabel  and 
Matamoras,  about  nine  mileslaiortheast  of  the  latter.  There  on  May  6, 
1846,  took  place  the  first  battle  of  the  war  between  Mexico  and  the 
United  States  (1846'^8).  Brigadier  General  Zachary  Taylor's  forces 
of  about  2,  200  regulars,  in  an  effort  to  Join  with  beleaguered  troops  at 
Fort  Brown,  came  upon  a  superior  number  of  Mexicans  (variously.' 
estimated  between  4, 000  and  6, 000)  under  General  Mariano  Arista.  Be- 
twc<^  the  chaparral  and  the  marshes  the  two  lines  were  drawn  up  oppo¬ 
site  each  other,  the  Mexicans  aatrids  the  road  to  Fort  Brown,  Taylor's 
artillery,  better  handled  than  the  Mexican  heavy  pieces,  out  great  swaths 
in  the  enemy's  lines  in  process  of  forming.  An  attempt  to  turn  the  U.  S. 
right  by  a  superior  force  of  Mexican  cavalry  was  met  by  a  hollow  square 
of  the  5th  Infantry.  The  grass  was  set  on  fire  by  the  shells,  so  that  a 
dense  smoke  screw  kept  the  two  armies  frf>m  seeing  each  other  well. 

In  this  haze,  the  trained  and  disciplined  subordinate  leaders  of  the  U.  S. 
forces  met  the  Mexican  attempt  to  encircle  the  left.  Samuel  Ringgold's 
and  James  thiocan's  batteries  moved  and  fired  liandily  in  spite  of  the 
smoke.  When  darkness  closed  t^e  issue  for  the  day  the  Mexican  loss  was, 
according  to  estimate,  about  seven  times  that  of  the  U.  S.  The  engage¬ 
ment  waj  the  first  instance  where  superiority  rf  training  against  an 
organized  enemy  rested  with  the  Americans. 

Narrative  from  Reference  15,  pp.  85-101,  puaeim 

At  about  uoon  on  May  8,  Taylor  found  Arista's  army  in  line  of  battle 
near  Palo  Alto.  Hie  right  of  the  Mexican  line  rested  on  a  sort  of  low 

ridge,  alj<jul  d.  CUO  yards  to  Uie  «*aBt  of  Taylor's  rcmd,  whl-jh  iiu.'.sed 
the  edge  of  a  swampy  chaparral.  The  right  of  the  line  was  covered  by  a 
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squadron  of  cavalry,  and  the  left  by  eight  squadrons.  The  guns  were  in 
the  intervals  between  the  infantry  regiments.  The  line  raced  nearly 
north  and  had  a  clear  field  of  fire  over  a  stretch  of  prairie  with  several 
swampy  places  iu  it.  The  left  of  the  line  rested  on  a  marsh,  and  there 
were  two  large  marshes  immediately  in  rear  of  the  line.  The  left  of  the 
Mexican  lines  was  the  weaker,  and  the  chaparral  on  that  flank  offered 
some  cover  for  the  Americans.  So  General  Taylor  made  his  main  attack 
against  that  flank.  Captain  May's  squadron  covered  the  left  of  Taylor's 
line,  while  Captain  Ker's  squadron  guarded  the  exposed  right,  and  the 
rear  where  the  train  was  parking.  As  with  the  Mexican  line,  the  artil¬ 
lery  was  posted  between  the  infantry  regiments. 

Taylor's  line  advanced  in  regimental  columns  until  the  Mexican 
artillery  opened  upon  it.  Thereupon  it  deployed.  The  Mexican  cavalry 
under  General  Torrejon  now  moved  through  the  chaparral  to  attack  the 
right  and  rear  of  the  American  line;  but  it  was  repulsed  1^  the  5th 
Infantry,  which  was  on  the  right  flank,  and  a  section  of  artillery.  The 
Mexican  left  was  now  drawn  back.  Tayior  changed  the  d<*'ectlon  of  his 
line  to  conform  to  the  new  position  of  the  enemy.  There  was  now  about 
an  hour's  cessation  of  the  battle. 

May's  squadron  was  sent  round  against  the  Mexican  left  flank;  but 
finding  Itself  greatly  outnumbered  it  did  not  charge,  but  withdrew  to  the 
rear. 

Just  before  dark  Arista  massed  his  troops  in  bis  right  wing  and 
moved  them  against  the  American  left  flank  and  rear,  sending  Torrejon 
again  with  his  cavalry  against  the  American  right.  The  main  attack  was 
rt  jH.I.'.cii  Ijy  Uuncan's  ballery,  Bupporied  b>  liie  dU»  loluntry  and  Kci 's 
squadron  of  cavalty.  The  cavalry  attack  was  also  repulsed.  At  this 
moment  there  was  great  confusion  in  the  Mexican  line,  and,  if  the 
Ami  rir.-in.s  had  followed  up  their  succea.s  by  a  vigorou.s  rounter-.Tit  i-  k, 
Ih'.'  M'-'x i-'an.'j  would  probably  have  been  routed  It  was  now  dark  .in-: 
fhi  .Mexicans  retired  into  the  chaparral  in  rear  of  their  position,  the 
AiaiTH  ;inM  la vouackol  on  the  battlefield. 
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Although  General  Taylor  took  the  offensive  In  this  hattle  and 
advanced  to  the  attack,  he  found  hlmsell  outnumbered  by  Arista's 
ai  my,  especially  In  cavalry,  and  was  Inunedlately  thrown  upon  the 
defensive.  General  Wilcox  in  his  account  says:  "The  action  of 
May  8  on  the  plains  of  Palo  Altc  was,  on  the  part  of  the  United  States 
forces,  defensive  and  mainly  of  artillery  against  Mexican  artillery 
and  cavalry  supported  by  Infantry,  " 

One  incident  occurred  in  the  combat  that  mi^^t  happated,  with 
like  effects,  even  in  our  day  of  long-range  ntagasine  flro:  the  prairie 
grass  was  set  on  firo  by  bursting  ^ells,  and  the  smoke  fur  a  time 
concealed  the  movements  of  the  hostile  armies  from  each  other. 

At  Palo  Alto  the  Americans  numbered  2, 288,  and  the  Mexicans 
were  estimatod  at  about  6,000.  The  Mexican  account  of  the  combat 
gives  the  number  of  the  Mexicans  as  only  3, 000. 

At  dawn  the  next  rsoming  the  hostile  armies  were  in  sight  of 
each  other,  but  by  sunriao  the  Mexicans  had  begun  a  retreat  for 
hlatamoroa.  The  American  army,  with  its  front  well  covered  by 
scouts,  took  up  uie  pursuit.  About  three  mlluu  from  the  battiofleid 
of  the  day  before,  Arlaw.  in  hia  retreat  came  upon  what  he  conceived 
to  be  a  very  strong  poaititm.  Here  hs  decided  to  halt  his  army.  He 
placed  his  Iine>  in  a  resaca,  or  Harrow  shallow  swale,  which  crossed 
the  road  lo  the  midst  of  a  thick  ebaparr  md  ended  in  a  pool  of  water 
at  each  end.  Arista  appears  not  to  neiieved  that  the  Americans 
would  oeiiously  attack  him  in  this  oa;  be  had  his  tent  pitched  anr^ 
was  ousy  writing,  when  Gttieral  opened  fire  on  his  line,  and 

began  the  baitle  of  Resaca  c  i.  Pxima  Some  Mexican  artillery  in 
and  near  the  road  on  both  sV  *!•■?  .iqale  could  not  be  driven  back; 
so  Captain  May  was  ord  i  '•  ,  «  it  with  his  squadron.  On  ac- 

frtunt  of  the  dense  pro.  ...  . ..  ■  ,d  only  move  In  the  roacj,  ard  h.ui  'o 
(  harge  in  column  of  fours.  He  captured  seven  gmis  and  a  Mexicar  gen¬ 
eral.  He  was  driven  from  the  battery  by  Mexican  Infantry,  but  the 
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guns  were  soon  retaken  by  American  infantry.  The  action  in  the  chap¬ 
arral  lasted  for  some  time,  but  the  Mexicans  were  finally  routed.  They 
dispersed  and  fled,  never  stopping  till  they  had  crossed  the  Rio  Grande. 

Ker*s  dragoons,  Duncans 'e  battery,  and  the  3rd  Infantry  followed  in 
pursuit.  The  Mexican  accotint  states  that  if  Taylor  had  pursued  with  his 
whole  available  force,  and  followed  the  fugitives  across  the  river,  "it 
is  undoubted  that  he  would  have  completely  destroyed  them  and  taken 
Mataraoros  wiUiout  opposition.  ’*  But  Taylor  had  no  means  of  crossing 
the  river.  Mexican  batteries  at  Matamoros  opened  on  the  pursuers,  and 
the  Americas  guns  in  Fort  Brown  <as  the  fort  built  opposite  Matamoros 
was  afterwards  named,  in  honor  of  Major  Jacob  Brown,  who  was  killed 
there  during  the  siege  and  attack  by  the  Mexicans)  "were  directed  upon 
the  mass  of  fleeing  Mexicans  while  crossing  nt  the  upper  ferry,  " 

The  losses  of  the  Americans  is  the  two  esgagsmssts  were  170 
killed  and  wounded,  and  the  estimated  loss  of  the  Mexicans,  1, 000. 
Arista's  baggage  and  all  sorts  of  plunder  were  abandoned  to  the  Ameri¬ 
cans. 

At  Polo  Alto  Taylor's  line  of  battle  was  formed  nearly  parallel  to 
the  road  he  was  marching  on  —  his  line  of  communication  with  his  base 
at  Point  Isabel.  Could  the  Mexicans  have  driven  him  back,  or  turned 
his  left  flank,  they  might  have  captured  his  wagon-train  and  cut  him  off 
from  hi 3  base.  Of  course,  with  so  small  a  force,  this  was  not  as  seri¬ 
ous  a  consideration  as  it  would  be  with  a  greet  army.  Taylor  undoubted¬ 
ly  fought  the  battle  In  that  way,  because  the  chaparral  west  of  the  road 
gave  him  some  cover  through  which  to  approach  the  Mexican  loft  flank. 
An  attack  directly  from  the  front,  or  against  the  Mexican  right,  would 
have  had  to  be  made  over  the  open  prairie  without  any  sort  of  cover. 

Had  Taylor  been  defeated  in  this  combat,  ho  would  probably  have  lout 

'.  p'''  it  I'  .itii  i.  ;tnii  liin  fifld-work  and  g.irri.s*jn  at  f  .iit  l:r. 
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At  Resaca  de  la  Palma  Arista. *s  army  fought  with  the  Rio  Grande 
at  its  back;  under  like  conditions  a  large  army  would  have  been  captured. 
This  little  force,  with  no  impedimenta,  was  able  to  scatter  and  cross 
wherever  the  men  could  find  boats,  g  Many  were  drowned.  We  have 
seen  that  Taylor  could  not  cross  the  river  and  complete  the  route  and 
dispersion  of  his  enemy  for  lack  of  a  pontoon-train. 

In  the  Combat  of  Palo  Alto,  also,  there  was  the  appearance  of 
over-caution  on  the  part  of  the  American  commander  —  it  is  evident 
that  he  believed  himself  greatly  outnumbered.  The  Mexican  account 
gives  Arista  only  3, 000  men  In  the  engagement;  this  number  is  probably 
nearly  right.  Taylor  had  2, 288.  If  our  troops  had  not  been  content  with 
repulsing  the  enemy  and  holditig  their  ground,  but  had  made  a  counter¬ 
attack  at  the  right  moment,  they  would  have  routed  the  Mtemy.  After 
defeating  the  Mexicans  at  Resaca  de  la  Palma  all  available  troops  ought 
to  have  taken  part  in  the  pursuit.  But  only  a  regiment  of  infantry,  a 
squadron  and  a  battery  followed  the  fugitives;  the  rest  of  the  American 
army  bivouacked  on  the  battlefield.  Judged  by  the  sum  of  their  success, 
howeveur,  Ueneral  Ti^^lar'a  operations  In  those  few  days  wore  well-nigh 
faultless.  They  could  hardly  have  achieved  more. 

Narrative  from  Reference  13,  Article  on  Palo  Alto 

Fought  May  8,  1846,  between  the  Americans,  under  General  Taylor, 
and  the  Mexio&as,  under  Arista.  The  Mexicans  were  completely  routed, 
at  very  small  coat  to  the  victors. 


APPENDIX  O 


TABLES 


LIST  OF  TABLES 

Page 

I  Basic  Data  For  The  Sample  Battles .  ill 

II.  Estimated  Lanchester  Square-Law  Parameters  For  The 

Sample  Battle .  114 

lUa.  Number  of  Battles  Won  by  Side  and  by  Sign  of  Advan¬ 
tage,  lni4  .  .  ...  116 

lUb.  Percent  of  Victorious  Battles  by  Sign  of  Advantage, 

Inp  ,  for  Victories  by  Each  Side .  116 

IV.  Advantage  Parameter,  Inp,  and  Victorious  Side  ■  117 

Va.  Number  of  Battles  Won  by  Side  and  by  Magnitude  of 

Advantage,  lap .  118 

\n3.  Percent  of  Victorious  Battles  by  Magnitude  of  Advan¬ 
tage,  In  p  ,  for  Victories  by  Each  Side .  118 

VI.  Theoretical  (Normal  Distribution)  and  Observed  Fre¬ 
quency  of  Battles  With  Various  Logarithmic  Force 
Rates,  In  119 

VII.  Theoretical  (Normal  Distribution)  and  Observed  Fre¬ 
quency  of  Battles  for  Various  Ra^es  of  Defender  Advan¬ 
tage,  Inp . 120 

Thevrstical  (Normal  Distiiimtlon)  and  Observed  Fre¬ 
quency  of  Battles  for  Various  Ranges  of  Logarithmic 
Bitterness,  In  € .  121 

DC.  Some  Statistics  of  Surviving  Fractions .  121 

X.  Observed  Distribution  of  Surviving  Fractions .  122 

Xla.  Number  of  Battles  Won  by  Side  and  by  Value  of  Force 

Ratio .  123 

Xlb.  Percent  of  Battles  Won  by  Side  for  Numerical  Superi¬ 
ority  .  .......  123 

XII.  Number  of  Battles  Won  by  Side  and  by  Three  Levels  of 

Force  Ratio .  124 

Xlll.  Hofiuits  of  Uegresiilon  of  Advantage,  Inp  or  Logarith¬ 
mic  Force  Ratio,  In  125 

XrV.  Theoretical  (Normal  Distribution)  anti  Observed  Fre¬ 
quency  oi  Dallies  With  Various  ReHldttal  Advantages  .  126 

! 1  2a  li'^ 

‘Yivt . -.1*  vm  tlanjt,  Tern  not  fllini*,.'. 


LIST  OF  TABLES  (Continued) 


Page 

XV.  Results  of  Regression  of  Logarithmic  Bitterness,  lu  e  , 

on  Advantage,  In  ^ .  127 

XVI.  Results  of  Regression  of  Advantage,  In  ^  on  Logarith¬ 
mic  Battle  Duration,  In  t .  128 

XVna.  Number  of  Battles  Won  by  Side  and  by  Sign  of  Residual 

Advantage .  129 

XVnb.  Percent  of  Victorious  Battles  by  Sign  of  Residual  Advan¬ 
tage  for  Victories  by  Eacb  Side .  129 

XVni.  Residual  Advantage  and  Victorious  Side .  130 

XlXa.  Number  of  Battles  Won  by  Side  and  by  Magnitude  of 

Residual  Advantage .  131 

XDCb.  Percent  of  Victorious  Battles  by  Magnitude  of  Residual 

Advantage  for  Victories  by  Each  Side .  131 

XX.  Results  of  Regression  of  Logarithmic  Bitterness,  In  c  , 

on  Logarithmic  Duration,  In  t,  for  "t"  in  Hours  ....  132 

XXL  Theoretical  (Normal  Distribution)  and  Observed  Fre¬ 
quency  of  Battles  for  Various  Ranges  of  Residual  Loga¬ 
rithmic  Bitterness . 133 

XXII.  Numbers  of  Victories  and  Defeats  by  Participating 

Nation  and  by  Side .  134 

XXIII.  Number  and  Fraction  of  Victories  by  Participating 

Nation . .  135 


110 


COUO-Si’-i 


BASIC  DATA  FOR  THE  SAMPLE  BATTLES 


o9«Aooo«dO  09  eoeooooodo  0000‘^>»a«»e999009 


8iniUSIlSsS~IS2ii|l22|*|§|||5|§S|l;!l£i3 

'I  r>  W  t«  M  «•  <»  ^  M  W  •  W  o'  M  M  lA  o  oT  n  ^  -V  nT**  ^  o  *•  ^  h  ■« 


H§ll§ill3illl^i§lllll!ll§IS!IS!S|lllii-{s! 

5  S  S  5  *■  s'  5  S  P  -■  «■  9  -■  s  ;  e  3  S  »  3  S  8  S  ?  S  8  «  S  R  8  S  ;  S  3  8  ■•■  J  3  '•■  ■'■  J 


si^§§!siii§i$iii>ssiii§isiii!siiis§iisii!r 

C  J  3  c' 8  5  *■  3  3 ■•*■  «■  3  "  “ 3 S «  8  3  8  8  8  S  3  5 3  S  3  X 8  S  =  i  J?  3  "  P  3  "  5  • 

jiiiiiiiiiiiiiiiiiHiiiiiiiiiiiiiniihui 

iiiiiiiiiiiriiiniiiiinHiniiiiJihiiih 


(■(>K(;-sp-i 


iSS&aaRSSSRSRRSS&RSSSSSRC&S&aRRa!^  ■ 


seSie«S3:3sxsPXS|||R&ssspp3  3s3P:;33:3:as3’j, 
mmmS22!Zw&m2m2***5SS*m5SSS*******'*****S**'****  ^ 


iiiiiliiyiiliiliiiiililiiii'ijijlijiij 

'■""''"•'•“••j  =  P3S3'!R5SX5n33n»csa>.  saa3axta*i;i 


BASIC  DATA  FOR  THE  SAMPLE  BATTLES  (Continuct^ 


<  04 


- - -  —  — 

- - ^ 

|||i.  ies*as3£i235;-iKc«a.SuS£3s=|t32i.!i.s<jSt’!3 

fSE!55=S235!!8!SrtJ=  nj*5:-Ri3f?i  ,£?  .  S52j«  rH  ‘ 

I 

- 1 - - - 


I  %it4 

I - 1-’- 


.:2i:'jS5!H595'Cff»S5f:55;-f2!5;;fi28?5?52:!Strj; 


I  nTK|2s5^i'iEFii  =  J?2<»;i2Sii?5l!8>2si5i»iviniai’;! 


!  i 


j2  a*  :•»>-:  i  '■'••*.  I  * ;  >i  :•  ?  JJ  •  *  i  .  M  ^  • 

t  5s»<."i-'',  r  -  t  .■  i  .1 » i  .  i »  .- 


TABLE  Ilia 


NIMBER  OF  BATTLES  WON  BY  SIDE  AND  BY 
SIGN  OF  AD '-A  NT  AGE,  In/i 


In  4  >  0; 
Positive 
del  ander 
advantage 

In 4  <0; 
Negative 
defender 
advantage 

Total 

Victor  ®  D;  Battle  woa 
by  defending  side 

33 
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45 

\Tctor  »  A;  Battle  won 
by  attacking  side 

17 

30 

47 
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56 

37 

92 

Chl‘*8quare  *  20.  32  at  l  degree  of  freedom 
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63.8 
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Victor 

In  pt 

-0.992 

A 

-0.014 

A 

0.  281 

-0.69.1 

A 

0.003 

D 

0.299 

-0.693 

A 

A 

0.  303 

-0.531 

A 

D 

0.339 

-0.460 

A 

0.015 

D 

0.331 

-0.420 

A 

0. 046 

A 

0.399 

-0.416 

A 

0.049 

A 

0.439 

*4).  399 

A 

0.067 

D 

0.443 

-0.387 

D 

0.483 

-0.375 

A 

0.076 

D 

0.491 

-0.357 

A 

0.076 

D 

0.519 

-0.348 

A 

0.077 

A 

0.558 

-0.327 

A 

0.083 

D 

0.560 

-0.  326 

A 

0.083 

A 

0.592 

-0.300 

A 

0.091 

D 

0.596 

-0.280 

A 

0.094 

D 

0.  608 

-0.264 

0 

0.096 

A 

0.  642 

-0.  222 

A 

0.111 

n 

0.678 

-0.213 

A 

0.112 

D 

0.  824 

-0.200 

0.112 

D 

1. 138 

-0.198 

A 

0. 153 

D 

-0. 176 

A 

0. 157 

A 

-0. 164 

A 

0.161 

A 

"0. 140 

A 

0. 161 

D 

-0.127 

A 

0.170 

D 

-0. 124 

O 

0.171 

A 

-0.120 

A 

0. 179 

D 

-0. 119 

D 

0. 196 

A 

“0. 097 

A 

0,  204 

D 

-0.075 

A 

0.213 

A 

-0.068 

A 

0.219 

A 

-0.061 

A 

0.226 

D 

-0. 0S8 

D 

0.236 

D 

-0. 028 

A 

0.248 

D 

-O.OIS 

D 

0.272 

D 

-0.018 

A 

0,  Z'74 

D 

'  ■  AttaL-k.’nj;  awJi*  vi  'or.  >uo 

D  Defuntiing  sido  v'cfor'ou.s 


TABLE  Va 


NUMBER  OF  BATTLES  WON  BY  SffiE  AND  BY 
MAGNITUDE  OF  ADVANTAGE,  In  n 


In  M  >0.3 

0.  3  su  >  -0.3 

-0. 3  >  In M 

Total 

V'lctor  =  D 

14 

30 

1 

45 

Victor  =  A 

4 

29 

14 

47 

Total 

18 

59 

15 

92 

Chl-8quare  ^  16.  SO  at  2  degrees  of  freedom 


TABLE  Vb 

PERCENT  OF  VICTORIOUa  BATTLES  BY  MAGNITUDE  OF 
ADVANTAGE,  In/x,  FOR  VICTORIES  BY  EACH  SIDE 


In  f(  >  0. 3 

0*3  rt  In#!  >  -0a3 

•*0.  3  s  InM 

Total 

Victor  D 

31.2 

66.6 

2.2 

100 

TABLE  VI 


BATTLES  WITH  VAIUOUS  LOGARITHMC  FORCE  RATES, 


Inx^/yo 


In  (Xq/j-q) 

Theoretical 

Frequency 

INornml  Distrib-Ation) 

Observed 

Frequency 

Grouped 

Theoretical 

Frequency 

. —  n 

Group*'d 

Observed 

Frequency 

F  rom 

To 

-  00 

-0.8 

2.85 

2 

-0.8 

-0.7 

1.47 

9. 19 

11 

-0.7 

-0.6 

2.02 

S 

-0.6 

-0.5 

2.S5 

3 

-0.5 

-0.4 

3.50 

2 

8.01 

1 

7 

-0.4 

-0.3 

4.51 

5 

r 

-0,3 

-0.2 

5.06 

4 

5.06 

4 

-0.2 

-0.1 

6.07 

7 

6,07 

7 

-0.1 

0,0 

6.  61 

6 

6.  81 

\} 

0.0 

0.  i 

6.  81 

6 

0.  81 

6 

0.1 

0.2 

7.27 

5 

7,  27 

5 

0.2 

0.3 

7. 18 

6 

7.  19 

6 

0.3 

0.4 

S.81 

6 

6.  81 

6 

0.4 

0.5 

5.08 

7 

5.  98 

7 

0.5 

0,6 

5.43 

12 

5,43 

12 

0.8 

0.7 

4.32 

5 

e.o9 

7 

0.7 

0.  3 

3,77 

2 

0.8 

0. » 

2.76 

0 

0.9 

1.0 

2.  30 

3 

1.0 

1. 1 

1.47 

3 

9.56 

8 

1.  1 

1.  2 

1.10 

1 

1 

1 

1.2 

J 

1.93 

-  - 

J 

1 

'  1 

- 1 

Clii-s«|uare  -  )0  56  at  10  (J^Rn  ('h  of  froodnm 
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TABLE  VII 


Thi-GF.ETICAL  (NORMAL  DISTRIBUTION)  AND  OBSERVED  FREQUENCY  OF 
BATTLES  FOR  VARIOUS  RANGES  OF  DEFENDER  ADVANTAGE.  In^ 


■  ;r.  M 

Ttieorelical 

Frequency 

(Normal  EM  stribution) 

Observed 

Frequency 

Grouped 

Theoretical 

Fr^uency 

Grouped 

Observed 

Frequency 

mgg^ 

To 

-0.6 

2.  76 

3 

« 

-0,6  . 

-0.  5 

2.  76 

1 

8. 74 

7 

-0.  5 

-0.4 

3.  22 

3 

-0.4 

-0.  3 

5.  06 

8 

5.06 

8 

-0.3 

-0.  2 

7.36 

5 

7.3S 

5 

-0.2 

-0. 1 

9.  20 

8 

9.20 

8 

-0. 1 

0.0 

10. 12 

9 

10.12 

9 

0.0 

0. 1 

10, 12 

16 

10.12 

16 

0.1 

0.2 

9.20 

11 

9. 20 

11 

0.2 

0.3 

8.74 

10 

8. 74 

10 

0.3 

0.4 

7.82 

4 

7.82 

4 

0.4 

0.5 

5.52 

4 

5.52 

4 

1  0,5 

3,68 

S 

9. 20 

10 

j  0.8 

+•  «o 

5.52 

5 

'I'otal 

91.08 

92 

Chl-equare  =  9.39  at  9  degrees  of  fr^-’wlom 
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TABLE  Vra 


riIEORP:TICAL  (NORMAL  DISTRIBUTION)  AND  OBSERVED  FREQUENCY 
OF  BATTLES  FOR  VARIOUS  RANGES  OF  LOGARITHMIC 
BITTERNESS,  In  e 


1 

j  In  c 

Theoretical 

Frequency 

(Normal  Distribution) 

Cfcserved 

Frequency 

Grouped 

Theoretical 

Frequency 

Grouped 

Ob.served 

Frequency 

From 

To 

••  dO 

-3.  70 

2.  76 

6 

6. 44 

7 

-3.70 

-3.  40 

3.68 

1 

-3.40 

-3.  10 

5.52 

3 

5.52 

3 

-3.10 

-2.80 

8.28 

5 

8,  28 

3 

-2.80 

-2.50 

11.04 

13 

11.04 

13 

-2.50 

-2.  20 

12. 88 

12 

12.  88 

12 

-2.20 

-1.  90 

12,88 

16 

12.88 

16 

-1.90 

-1.60 

11. 96 

16 

11.96 

16 

-1.60 

-1.30 

9. 20 

8 

9.  20 

ft 

-1.30 

6. 44 

6 

6.44 

6 

-l.OO 

W 

7.36 

6 

7.36 

6 

Total 

92.00 

92 

_ 

-  ■ 

Chi-»quare  «  5.  46  at  7  degrees  of  freedom 


TABLE  IX 

SOME  STATISTICS  OF  SURVIVING  FRACTIONS 


Vic'lo  nous 
Side 

No.  of 
Battles 

Average 
surviving 
fraction  of 
attacker,  a 

Standard 
deviation 
of  i; 

Average 
surviving 
fraction  of 
defender,  d 

Standai'ti 
dev  .iron 
of  d 

■IV 

0.  hTJ 

0.  O'-tii 

0.  -  19 

i)  I'.'.i 

DtUU'.dt:!' 

— . 

45 

0.  827 

0. 117 

0.893  j  O.iiTj 

COiif.  SP-UH 


TABLE  X 


OBSERVED  DISTRIBUTION  OF  SURVIVING  FRACTIONS 


of 

surviving; 
fraction 
va' aes 


Number  cf  Battles  in  Stated  Range 


Attacking  Side  Victorious 
(47  Battles) 


Surviving- 
fraction  of 
attacker,  a 

Surviving 
fraction  of 
defender,  d 

Surviving 
fraction  of 
attacker,  a 

Surviving 
fraction  of 
defender,  d 

i 

0.95  -  l.CO 

8 

5 

5 

14 

0.  90  -  0.95 

12 

15 

8 

9 

0.S5  -  0.90 

13 

8 

12 

9 

0.80  -  0.85 

5 

7 

5 

5 

0.75  -  0.80 

6 

3 

7 

7 

0.70  -  0.75 

1 

4 

2 

1 

0.65  -  0,70 

1 

1 

2 

0 

0. 60  -  0. 65 

0 

0 

A 

0 

0.55  -  0.60 

1 

z 

1 

0 

0.50  •  0.55 

0 

0 

2 

0 

0.00  -  0.50 

0 

2 

0 

0 

Defending  Side  Victorious 
(45  Battles) 


('ORO-sf  l_- 


TABLE  Ha 


NL’MEER  or  BATTLES  WON  BY  SIDE  AND  BY 
VALUE  OF  FORCE  RATIO 


Defender 
Numerically 
Superior 
(Xo/yo  <  1) 

Attacker 

Numerically 

Superior 

<x^/yo  >  1) 

Total 

Victor  =  D 

19 

26 

45 

16 

31 

47 

Total 

35 

57  1  92 

Chi-square  «  0.35  at  1  degree  of  freedom 


TABLE  Xlb 

PERCENT  OF  BATTLES  WON  BY  SIDE  FOR 
NUMERICAL  SUPERIORITY 


Defender 
Numerically 
Superior 
(XoAo  < 

Attacker 
Numerically 
Superior 
>  1) 

Victor  =  D 

54,3 

45,6 

i|||||Q|!QQ|^|Q||||||| 

45.7 

54.5 

Tout 

100.0 

100.0 

TABLE  XII 


KEMBER  OF  BATTLES  WON  BY  SIDE  AND  BY 
THREE  LEVELS  OF  FORCE  RATIO 


Force  Ratio  j 

Level  1 

<0.000  <  Xjj/y^  <  0.900) 

Level  2 

(0.  900  <  x^/y^  <  1. 500) 

Level  3 

(1.500  <  Xp/y^  <  «) 

Total  i 

t 

i 

\ictor  =  D 
_ _ 

14 

18 

13 

45  i 

Vvlor  -  A 

1—  -  —  .. 

15 

11 

21 

47 

;  1  29 

29 

34 

Oa  '  ! 

Chi-square  3. 56  at  2  degrees  of  freedom 
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TABLE  Xin 


RESULTS  OF  REGRESSION  OF  ADVANTAGE,  llifi  ON 
LOGARITHMIC  FORCE  RATIO.  In 


Regression  Line:  In/i  =  b  +  c  In  (x^^/y^) 

Number  of  Data  IV>intfl:  92 

Estimated  Value  of  Regression  Coefficients  ^  Confidence  Limits 

b  ’  0.115  ±0.064 
c  «=  0.367  ±0.122 

Standard  Error  of  Estimate;  s,  t  ,  ,  /  .  *  0. 297 

In  M  I  In  (x^/y^) 

Correlation  Coefficient;  r  «  -0.537 
Sample  Mean: 

of  In  4  «  0.058 
of  In  (Xj/y^j)  "  0. 156 

Sample  Variance: 

of  In  M  »  0.  122 
of  In  (x^/y^)  -  0.  262 


'  ,  i  I  ‘  i  1  ■  ■■  IJ  H 


TABLE  XIV 


TIIL'ORETIOAL  (NORMAL  DISTRIBUTION)  AND  OBSERVED  FREQUENCY 
or  BATTLES  WITH  VARIOUS  RESIDUAL  ADVANTAGES 


l^osulual 

AdvantapQ 

TljeoreUcal 

Frequency 

(Normal  Distribution) 

Observed 

Frequency 

Grouped 

Theoretical 

Frequency 

Grouped 

CA)3erved 

Frequency 

From 

To 
_ _ 

—  oO 

n 

4.140 

4 

14.  260 

9 

-0.  5 

10.120 

5 

-0.  3 

-0.2 

6. 64S 

11 

8.648 

11 

-0.  2 

-0.1 

10. 856 

9 

10. 856 

9 

-0.  1 

mgm 

12.  230 

21 

12.  236 

21 

0.0 

12. 236 

10 

12. 236 

10 

0.  1 

mm 

10.  856 

11 

10.856 

11 

m 

0.3 

6.  648 

7 

8.648 

7 

0.  3 

10. 120 

9 

14 

0.  5 

B9 

4.140 

5 

Chi-square  “  9. 90  at  5  degrees  of  freedom 
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TABLE  XV 

RESULTS  OF  REGRESSION  OF  LOGAIUTHMIC 
BITTERNESS,  In  €  ,  on  ADVANTAGE,  In 


Regression  Line:  Inc  <=  b  +  c  In/i 
Number  of  Data  Points:  92 

Estimated  Value  of  Regression  Coefficients  95%  Confidence  Limits: 

b  ■=  -2.152  A  0.177 
0  «  -0.076  *0.502 

Standard  Error  of  Estimate:  ^  j  in  ji  " 

Correlation  Coefficient:  r  -0.032 
Sample  Mean: 

of  In  €  •*  -2. 187 
oflnp  “  0.068 

Sample  Variance : 

of  In  €  “0. 096 
of  Inp  a  0. 122 


CORG-SP-128 


TABLE  .Vvl 


ilEi;ULTS  OF  RCGRES^JION  OF  ADVANTAGE,  In^i  ON 
LOGAIUTUNJC  BATTLE  DURATION,  In  t 

Rujrression  Lino:  In/i  “  b  +  c  In  T 
Number  of  Data  Polntd :  82 

Estimated  Value  of  Regreseioa  Coefficients  <  95%  Confidence  Limits; 

b  «=  0.135  ±  0.173 
e  e  -0.027  i  0.222 

Standard  Error  of  Estimate:  |  la  t  " 

Correlation  Coefficient;  r“  -0.092 
Sample  Mean: 

ofln/t  “  0.070 
of  In  t  ■■  2.  391 

Sample  Variance: 

oflnp  •=  0.116 
of  In  t  «  1. 345 


12S 
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TAULE  XVTIa 

Nl  W’Bl'.R  OK  BATTLES  WON  BY  SIDE  AND  BY  SIGN  OF  RESIDUAL  ADVANTAGE 


Ros'dual 

Advantage 

Positive 

Residual 

Advantage 

Negative 

Total 

Victor  -  D 

30 

15 

45 

Victor  *  A 

12 

35 

47 

Total 

42™ 

50 

92 

Chl-aquAre  ■  14. 06  at  1  degrees  of  freedom 


TABLE  XVUb 

PERCENT  OF  VICTORIOUS  BATTLES  BY  SIGN  OF  RFSIDUAL 
ADVANTAGE  FOR  VICTORIES  BY  BACK  SIDE 


Residual 

Advantage 

Positive 

Residual 

Advantage 

Negative 

Total 

Victor  =  D 

60.7 

33.3 

loo 

Victor  =»  A 

26.6 

74.4 

100 

1  ■''t 
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TADLL  XA'in 


\L  ADVANTAGE  AND  VTCrOUlOLT,  blDli'^ 


X  ivr.aU^0 


V\^'^or 


Rf'alUuftl 

AtlvtAli^o 


Victor 


Adv-tnugo 


Victor 


-I.OM 

A 

-4.054 

A 

0.315 

A 

-0.S31 

A 

•4.045 

A 

0.  204 

A 

•o.sas 

A 

•0.044 

0 

0.343 

0 

-O.S<» 

A 

•0.437 

A 

0.380 

A 

-0.  44S 

A 

•4.034 

O 

0.  367 

A 

-0.431 

A 

•0.035 

0 

0. 284 

D 

A 

•  0.034 

D 

0.  300 

A 

-0.30T 

A 

-0.032 

D 

0.334 

0 

-0.304 

A 

-0.033 

0 

0.341 

D 

-0.  290 

A 

-0.03.* 

D 

0.397 

D 

•0.2M 

•0.039 

A 

0.414 

A 

•0.1T& 

A 

•0.034 

D 

0.413 

0 

-0.J74 

A 

•0.034 

A 

0.415 

D 

-0.249 

A 

•O.OU 

A 

0.450 

0 

-0. 247 

A 

0,001 

A 

0.485 

D 

-0.247 

A 

0,004 

A 

0,813 

U 

-0. 234 

A 

0.005 

0.814 

D 

.A  AA« 

V.  4«, 

A 

0.014 

0 

0  877 

0 

•«. 234 

0 

0.014 

A 

0.801 

0 

-0.231 

A 

0.033 

0 

0.803 

D 

•0. 185 

A 

0.031 

0 

-0. 14fl 

A 

0.037 

-0. 143 

A 

0.041 

-0. 1S8 

A 

0.047 

-0. 151 

D 

0.119 

-0. 129 

A 

0.132 

-0. 128 

A 

0. 133 

-0.  125 

D 

0. 139 

0 

-0.  102 

D 

0. 145 

» 

-0.  utn 

A 

0.  154 

0 

-0  098 

A 

0  154 

D 

-0  .1*5 

A 

0.  157 

0 

-II 

A 

0.  'j'J 

-0.  o:i. 

D 

0.  ITU 

-0.  unj 

A 

0.  181 

D 

-0.069 

0 

0.209 

A 

1 

9,  '•  '<■ 

4  4.  Itif 

0  LX 

it*niji*4j  •  i.i4’ 

\  i<  lortiju* 

CORG'bP 


TABLE  XlXa 


N'UMBER  OF  BATTLES  WON  BY  SIDE  AND  BY  MAGNITUDE 
OF  RESIDUAL  ADVANTAGE 


Residual 

Advantage 

>0.2 

0.2  ^Residual 
Advantage 
>  -0. 2 

0. 2  2:  Residual 
Advantage 

1 

Total 

Victor  =  D 

14 

23 

2 

45 

7 

22 

18 

47 

Total 

21 

51 

20 

92 

Chi-square  =  16. 06  at  2  degrees  of  freedom 


TABLE  XKb 

PERCENT  OF  VICTORIOUS  BATTLES  BY  MAGNITUDE  OF 
RESIDUAL  ADVANTAGE  FOR  VICTORIES  BY  EACH  SIDE 


Residual 

Advantage 

>0.2 

0. 2  £*  Residual 
Advantage 
>  -0.2 

-0.2  £  Residual 
Advantage 

Total 

Victor  •=  1) 

31.1 

64.5 

HIBBH 

100 

'HSSSSOIIli 

14.3 

46.8 

38.3 

L— 

100 

COllC-SP-129 
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TABLE  XX 


OF  REGRESSION  OF  LOGARITHMIC  BITTERNESS,  Inc,  . 
ON  LOG.ARITRNHC  DURATION,  In  I,  for  "t"  IN  HOURS 


Regression  Line:  In  €  «  b  -*■  c  In  t 
Number  of  Data  Points :  82 

Estimated  Value  of  Regression  Coefficients  *  95%  Confidence  Limits : 

b  >=  ■2..944  ±  0.  380 
c  «=  0. 338  ±  0. 144 

Standard  Error  of  Esamate:  }  in  t  “  0.747 

Correlation  Coefficient;  r  0.468 
Sample  Mean; 

of  In  c  "*2. 135 
of  In  t  »  2. 391 

Sample  Variance: 

of  In  <  «=  0. 704 
oflnt  •*  1.345 


CORG-SP-i28 


TABLE  XXI 


THEORETICAL  (NORMAL  DISTRIBUTION)  AND  OBSERVED 
FREQUENCY  OF  BATTLES  FOR  VARIOUS  RANGES  OF  RESIDUAL 
LOGARITHNUC  BITTERNESS 


I  Residual 

liOgarithmic 
Bitterness 

Theoretical 

Frequency 

(Normal  Distribution) 

Observed 

Frequency 

Grouped 

Theoretical 

Frequency 

Grouped 

Observed 

Frequency 

1 

From 

To 

♦  CO 

-2.000 

0.23 

2 

-2,000 

-1.500 

1.48 

3 

7.  38 

7 

-1.200 

2.62 

1 

-1.  2C0 

-1.000 

2.95 

1 

-1.00 

-0. 800 

4.26 

0 

10.00 

5 

-0.600 

5.74 

5 

-0.400 

6.80 

5 

6.80 

5 

-0. 200 

8.11 

11 

8. 11 

11 

-0.  200 

0-000 

8.  70 

10 

8. 70 

10 

0.000 

0.200 

8.  70 

8 

8.70 

8 

0.  200 

0.400 

8.11 

10 

8.11 

10 

0.600 

6,  80 

14 

6.80 

14 

0. 600 

0.800 

5.74 

2 

10.00 

7 

0.800 

1.000 

4.  26 

5 

1.000 

1.200 

2. 95 

2 

1.200 

1.500 

2.62 

3 

7.38 

5 

1.500 

2.000 

1.48 

0 

2.  000 

•f  oo 

0.33 

0 

Chi-square  -  14.00  at  7  degrees  of  freedom 
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NT  Mir.:; as  OF  VICTORIES  AND  DEFEATS  BY  PARTICIPATING 
NATION  ANT)  BY  SIDE 


Side  on  Which  Nation  Participated  | 

Attacking  Side 

Defending  Side 

Participating 

Nation 

1 

1 

Number 

of 

victories 

Number 

of 

defeats 

- ,  1 

Total 

pution 

on 

attacking 

side 

Number 

of 

victories 

Number 

of 

defeats 

Total, 

partici¬ 

pation 

on 

defending 

side 

Total 

partici¬ 

pation 

France 

1 

[■n| 

27 

5 

8 

13 

40 

Prussia  (or 
Germany) 

IB 

12 

16 

8 

24 

36 

Austria 

d 

8 

1« 

6 

9 

14 

30 

United  States 
of  America 

8 

3 

11 

6 

6 

12 

23 

Russia 

3 

6 

S 

2 

3 

S 

14 

Confederate 
States  of 
America 

5 

2 

7 

2 

3 

5 

12 

1 

Britain  (or 
England) 

1 

1 

2 

5 

0 

6 

7 

Turkey 

0 

1 

1 

3 

4 

5 

Mexico 

0 

2 

2 

0 

2 

2 

4 

Jspan 

0 

1 

1 

0 

3 

3 

4 

Piedmont 

0 

1 

1 

0 

2 

2 

O 

U 

Hungary 

0 

1 

1 

a 

1 

1 

2 

S\mn 

0 

0 

0 

1 

0 

1 

1 

Sardinia 

0 

1 

1 

0 

0 

0 

1 

Denmark 

0 

0 

0 

1 

1 

1 

•  -■ 

1 

0 

1 

0 

0 

0 

1 

■;  ov'ii 

47 

_ 

45 

mm 

45 

. . . i 

47 

J 

92 

1S4 
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TABLE  XXm 

NTMBEK  AND  FRACTION  OF  VICTORIES  BY  PARTICIPATING  NATION 


J 

1 

1 

‘ 

Participating 

Nation 

— 

Number  of 
victories 

Total 

participation 

Victories  as 
a  fraction  of 
total  partici¬ 
pation 

ApprcKlmatc 

95%  confidence 
interval  for  prob¬ 
ability  of  victory' 

France 

15 

40 

0.38 

0.2  -  0.5 

Prussia  (or 
Germany) 

27 

36 

0.75 

0.6  -  0.9 

Austria 

13 

30 

0.43 

0.2 -0.6 

United  States 
of  America 

14 

23 

0.61 

0.4  -  0.8 

Russia 

5 

14 

0.36 

0.2  -  0.6 

Confederate 
States  of 
America 

7 

12 

0.58 

0.  3  -  0.  8 

Britain  (or 
England) 

5 

7 

0.86 

0.4  -  1.0 

Turkey 

3 

5 

0.69 

0.2  -  0.9 

Mexico 

0 

4 

0.00 

0.0  -  0.5 

Japan 

0 

4 

0.00 

0.0  -  0.5 

Piedmont 

0 

3 

0.00 

0.0  -  0.6 

Hungary 

0 

2 

0, 00 

0.0  -  0.8 

Spam 

1 

1 

1.00 

0.0  -  1.0 

Sardinia 

0 

1 

0.00 

0.0  -  1.0 

Denmark 

0 

1 

0. 00 

C.O  -  1.0 

Hanover 

1 

1 

1.00 

0.0  -  1.0 

^Estimates  given  are  based  on  95%  confidence  limits  for  binomial  probability  para¬ 
meter,  equating  observed  fraction  of  victories  to  observed  proportion  of  success  and  total 
paiticlpation  to  sample  size.  Confidence  intervals  for  each  nation  were  independently  de- 
termined  and  the  interval  limits  were  rounded  totUenearest  tenth  prior  to  incorporation 

'.r.L'  l.iolo. 
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Figure  3.  Theoretical  and  observed  cumulative  distz  ibution  of  logarithmic  force  ratio,  ln(x 
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Fipurp  4.  Theoretical  and  observed  frequency  distribution  of  logarithmic 

force  ratio,  ln(x^/y^. 
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Figure  5.  Theoretical  and  observed  cumulative  distribution  of  defender 

advantage,  bip. 
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Figure  6.  Theoretical  and  observed  cumulative  dlstrlbutloa  of  logarithmic 

bitterness,  Inc. 
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Figure  10.  Theoretical  and  observed  cumulative  distribution  of 
residual  advantage. 
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Figure  11.  Semi  logarithmic  scatter  diagram  of  residual  advantage  against  force  ratio,  x  g/y^* 
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Figure  13.  Logarithmic  scatter  diagram  of  |x  against  battle  duration, 


’igore  15.  Semi  logarithmic  scatter  diagram  of  residual  advantage  against  total  force, 
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Figure  16.  Semi  logarithmic  scatter  diagram  of  residual  advantage  agairst  total  casualties, 
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Flgtu-e  19.  Semilogarithxnlc  scatter  diagram  of  battle  duraticm,  t,  against  battle  date. 
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Figure  24.  Linear  scatter  diagram  of  residual  logarithmic  bitterness 

against  battle  date. 
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Figure  25.  Logarithmic  scatter  diagram  of  Intensity, 
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Figure  26.  Logarithmic  scatter  diagram  of  total  casualties, 

total  force,  X. 
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